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1. ʇʦʜʚʽʡʥʠʡ ʽʥʪʝʛʨʘʣ 

1.1. ʆʟʥʘʯʝʥʥʷ ʪʘ ʚʣʘʩʪʠʚʦʩʪʽ ʧʦʜʚʽʡʥʦʛʦ ʽʥʪʝʛʨʘʣʘ 

  

ʅʝʭʘʡ ʚ ʟʘʤʢʥʝʥʽʡ ʦʙʤʝʞʝʥʽʡ ʦʙʣʘʩʪʽ 
2

RËD  ʚʠʟʥʘʯʝʥʘ ʬʫʥʢʮʽʷ ʜʚʦʭ ʟʤʽʥʥʠʭ 

),,( yxfz=  ʛʨʘʬʽʢʦʤ ʷʢʦʾ ʻ ʜʝʷʢʘ ʧʦʚʝʨʭʥʷ (ʨʠʩ.1). 

                                                  z                                         
                                                                               

                                                                                  ),( yxfz=            

                                                           

                                                               )( iPf                                

                                                                                                                                              

                                                                                                        

                                                       0                                                 ʫ                                                                                                                                                                              

                                                                             
                                      ʭ                             iP     iSD  

                                                                      D   
 

ʈʠʩ.1. 

 

ɼʦʚʽʣʴʥʠʤʠ ʢʨʠʚʠʤʠ ʨʦʟʽʙôʻʤʦ ʦʙʣʘʩʪʴ D  ʥʘ ʩʢʽʥʯʝʥʥʝ ʯʠʩʣʦ ʦʙʣʘʩʪʝʡ 

,,...2,1  , niDi =  ʷʢʽ ʥʝ ʤʘʶʪʴ ʩʧʽʣʴʥʠʭ ʚʥʫʪʨʽʰʥʽʭ ʪʦʯʦʢ ʽ ʧʣʦʱʽ ʷʢʠʭ ʜʦʨʽʚʥʶʶʪʴ 

.,...2,1  , niSi =D  ɹʫʜʝʤʦ ʥʘʟʠʚʘʪʠ ʜʽʘʤʝʪʨʦʤ )(Gd  ʟʘʤʢʥʝʥʦʾ ʦʙʤʝʞʝʥʦʾ ʦʙʣʘʩʪʽ G  

ʥʘʡʙʽʣʴʰʫ ʚʽʜʩʪʘʥʴ ʤʽʞ ʜʚʦʤʘ ʪʦʯʢʘʤʠ ʦʙʣʘʩʪʽ, ʱʦ ʣʝʞʘʪʴ ʥʘ ʾʾ ʤʝʞ̔. ʇʦʟʥʘʯʠʤʦ 

ʯʝʨʝʟ l ʥʘʡʙʽʣʴʰʠʡ ʟ ʜʽʘʤʝʪʨʽʚ ).(max  :
1

i
ni

i DdD
¢¢

=l  

ʋ ʢʦʞʥʽʡ ʦʙʣʘʩʪʽ iD  ʚʠʙʝʨʝʤʦ ʜʦʚʽʣʴʥʠʤ ʯʠʥʦʤ ʪʦʯʢʫ ),( iiiP hx , ʦʙʯʠʩʣʠʤʦ 

ʟʥʘʯʝʥʥʷ ʬʫʥʢʮʽʾ ),( yxf  ʚ ʮʽʡ ʪʦʯʮʽ ʪʘ ʧʦʤʥʦʞʠʤʦ ʡʦʛʦ ʥʘ ʧʣʦʱʫ ʦʙʣʘʩʪʽ iD . 

ʋʪʚʦʨʠʤʦ ʩʫʤʫ 

ä
=

DÖhx=s
n

i
iii Sf

1

),(                                                           (1) 

(ʢʦʞʝʥ ʜʦʜʘʥʦʢ ʮʽʻʾ ʩʫʤʠ ʜʦʨʽʚʥʶʻ ʦʙôʻʤʫ ʮʠʣʽʥʜʨʠʯʥʦʛʦ ʩʪʦʚʧʯʠʢʘ ʟ ʦʩʥʦʚʦʶ iD  ʽ 

ʚʠʩʦʪʦʶ ),( iif hx , ʘ ʩʘʤʘ ʩʫʤʘ s ī ʥʘʙʣʠʞʝʥʝ ʟʥʘʯʝʥʥʷ ʦʙôʻʤʫ ʮʠʣʽʥʜʨʠʯʥʦʛʦ ʪʽʣʘ, 

ʷʢʝ ʙʫʜʝ ʪʠʤ ʪʦʯʥʽʰʝ, ʯʠʤ ʜʨʽʙʥʽʰʝ ʙʫʜʝ ʨʦʟʙʠʪʪʷ). 

ʉʫʤʫ (1) ʥʘʟʠʚʘʶʪʴ ʽʥʪʝʛʨʘʣʴʥʦʶ ʩʫʤʦʶ ʬʫʥʢʮʽʾ ),( yxfz=  ʧʦ ʦʙʣʘʩʪʽ D .  
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ʆʟʥʘʯʝʥʥʷ. ʗʢʱʦ ʽʩʥʫʻ ʩʢʽʥʯʝʥʘ ʛʨʘʥʠʮʷ ʽʥʪʝʛʨʘʣʴʥʦ ʾʩʫʤʠ (1) ʧʨʠ 0l  ʪʘʢʘ, 

ʱʦ ʥʝ ʟʘʣʝʞʠʪʴ ʥʽ ʚʽʜ ʩʧʦʩʦʙʫ ʨʦʟʙʠʪʪʷ ʦʙʣʘʩʪʽ D  ʥʘ ʯʘʩʪʠʥʠ ,iD  ʥʽ ʚʽʜ ʚʠʙʦʨʫ 

ʪʦʯʦʢ iP  ʚ ʥʠʭ, ʪʦ ʪʘʢʘ ʛʨʘʥʠʮʷ ʥʘʟʠʚʘʻʪʴʩʷ ʧʦʜʚʽʡʥʠʤ ʽʥʪʝʛʨʘʣʦʤ ʬʫʥʢʮʽʾ ),( yxf  ʚ 

ʦʙʣʘʩʪʽ D  ʽ ʧʦʟʥʘʯʘʻʪʴʩʷ 

ññ
D

dsyxf ),(    ʘʙʦ   ññ
D

dxdyyxf .),(  

ʋ ʮʴʦʤʫ ʚʠʧʘʜʢʫ ʬʫʥʢʮʽʷ ),( yxf  ʥʘʟʠʚʘʻʪʴʩʷ ʽʥʪʝʛʨʦʚʥʦʶ ʚ ʦʙʣʘʩʪʽ D , D  ī 

ʦʙʣʘʩʪ ʁʽʥʪʝʛʨʫʚʘʥʥʷ, yx   ,  ī ʟʤʽʥʥʠʤʠ ʽʥʪʝʛʨʫʚʘʥʥʷ, ds (ʘʙʦ dxdy) ī ʝʣʝʤʝʥʪʦʤ 

ʧʣʦʱʽ. ʆʪʞʝ, ʟʘ ʦʟʥʘʯʝʥʥʷʤ: 

ññ ä
=

l
DÖhx=

D

n

i
iii Sfdxdyyxf .),(lim),(

1
0

                                       (2) 

ʊʝʦʨʝʤʘ. ɼʦʚʽʣʴʥʘ ʥʝʧʝʨʝʨʚʥʘ ʚ ʟʘʤʢʥʝʥʽʡ ʦʙʤʝʞʝʥʽʡ ʦʙʣʘʩʪʽ ʬʫʥʢʮʽʷ 

ʽʥʪʝʛʨʦʚʘʥʘ ʚ ʮʽʡ ʦʙʣʘʩʪʽ. 

ɿʘʫʚʘʞʝʥʥʷ: ʥʘʜʘʣʽ ʙʫʜʝʤʦ ʤʘʪʠ ʩʧʨʘʚʫ ʣʠʰʝ ʟ ʥʝʧʝʨʝʨʚʥʠʤʠ ʬʫʥʢʮʽʷʤʠ, ʭʦʯʘ 

ʽʩʥʫʶʪʴ ʽ ʽʥʰʽ ʢʣʘʩʠ ʽʥʪʝʛʨʦʚʘʥʠʭ ʬʫʥʢʮʽʡ. 

ɿʘ ʦʟʥʘʯʝʥʥʷʤ ʧʦʜʚʽʡʥʦʛʦ ʽʥʪʝʛʨʘʣʘ ʤʦʞʥʘ ʚʩʪʘʥʦʚʠʪʠ ʪʘʢʽ ʡʦʛʦ ʚʣʘʩʪʠʚʦʩʪʽ: 

1. ʗʢʱʦ 1),( =yxf  ʚ ʦʙʣʘʩʪʽ ,D  ʪʦ ,ññ =
D

Sdxdy  ʜʝ S ī ʧʣʦʱʘ ʦʙʣʘʩʪʽ .D  

2. ɼʣʷ ʜʦʚʽʣʴʥʦʾ ʩʪʘʣʦʾ ʉ:      .),(),(ññ ññÖ=Ö
D D

dxdyyxfCdxdyyxfC  

3.  .),(),()),(),(( 2121ññ ññññ °=°
D DD

dxdyyxfdxdyyxfdxdyyxfyxf  

ʎʷ ʚʣʘʩʪʠʚʽʩʪʴ ʣʽʥʽʡʥʦʩʪʽ ʩʧʨʘʚʝʜʣʠʚʘ ʪʘʢʦʞ ʜʣʷ ʩʫʤʠ ʯʠ ʨʽʟʥʠʮʽ ʜʦʚʽʣʴʥʦʛʦ 

ʩʢʽʥʯʝʥʥʦʛʦ ʯʠʩʣʘ ʜʦʜʘʥʢʽʚ. 

4. ʗʢʱʦ ,21 DDD Ç=  ʜʝ 1D ʪʘ 2D  ʥʝ ʤʘʶʪʴ ʩʧʽʣʴʥʠʭ ʚʥʫʪʨʽʰʥʽʭ ʪʦʯʦʢ  

.),(),(),(
21

ññ ññññ +=
D DD

dxdyyxfdxdyyxfdxdyyxf  

ʎʷ ʚʣʘʩʪʠʚʽʩʪʴ ʘʜʠʪʠʚʥʦʩʪʽ ʩʧʨʘʚʝʜʣʠʚʘ ʪʘʢʦʞ  ʜʣʷ ʜʦʚʽʣʴʥʦʛʦ ʩʢʽʥʯʝʥʥʦʛʦ ʯʠʩʣʘ 

ʦʙʣʘʩʪʝʡ. 

5. ʗʢʱʦ ʚ  ʦʙʣʘʩʪʽ ),,(),(  yxgyxfD ¢ ʪʦ .),(),(ññ ññ¢
D D

dxdyyxgdxdyyxf  
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6. ʗʢʱʦ ʬʫʥʢʮʽʷ ),( yxf  ʚ ʦʙʣʘʩʪʽ D  ʤʘʻ ʥʘʡʤʝʥʰʝ m ʪʘ ʥʘʡʙʽʣʴʰʝ M  ʟʥʘʯʝʥʥʷ, ʪʦ 

ʩʧʨʘʚʝʜʣʠʚʘ ʦʮʽʥʢʘ ʽʥʪʝʛʨʘʣʘ ʧʦ ʦʙʣʘʩʪʽ:  .),( SMdxdyyxfSm
D

Ö¢¢Ö ññ  

7. (ʊʝʦʨʝʤʘ ʧʨʦ ʩʝʨʝʜʥʻ). ʗʢʱʦ ),( yxf  ʥʝʧʝʨʝʨʚʥʘ ʚ ʦʙʣʘʩʪʽ ,D  ʪʦ ʚ ʮʽʡ ʦʙʣʘʩʪʽ 

ʽʩʥʫʻ ʪʘʢʘ ʪʦʯʢʘ ),,( 00 yx  ʱʦ .),(),( 00 Syxfdxdyyxf
D

Ö=ññ  

ɺʝʣʠʯʠʥʫ ññ=
D

dxdyyxf
S

yxf ),(
1

),( 00  ʥʘʟʠʚʘʶʪʴ ʩʝʨʝʜʥʽʤ ʟʥʘʯʝʥʥʷʤ ʬʫʥʢʮʽʾ ʚ 

ʦʙʣʘʩʪʽ .D  

 

1.2. ʆʙʯʠʩʣʝʥʥʷ ʧʦʜʚʽʡʥʠʭ ʽʥʪʝʛʨʘʣʽʚ 

 

ʆʟʥʘʯʝʥʥʷ. ʆʙʣʘʩʪʴ ʥʘʟʠʚʘʻʪʴʩʷ ʧʨʘʚʠʣʴʥʦʶ ʫ ʥʘʧʨʷʤʽ ʦʩʽ ʆʫ (ʘʙʦ ʆʭ), ʷʢʱʦ 

ʜʦʚʽʣʴʥʘ ʧʨʷʤʘ, ʷʢʘ ʧʨʦʭʦʜʠʪʴ ʯʝʨʝʟ ʚʥʫʪʨʽʰʥʶ ʪʦʯʢʫ ʦʙʣʘʩʪʽ ʧʘʨʘʣʝʣʴʥʦ ʜʦ ʮʽ̒ʾ 

ʦʩʽ, ʧʝʨʝʪʠʥʘʻ ʤʝʞʫ ʦʙʣʘʩʪʽ ʥʝ ʙʽʣʴʰʝ, ʥʽʞ ʫ ʜʚʦʭ ʪʦʯʢʘʭ (ʪʦʯʢʠ ʚʠʭʦʜʫ ʪʘ ʚʭʦʜʫ). 

ʆʙʣʘʩʪʴ D  ʧʨʘʚʠʣʴʥʫ ʫ ʥʘʧʨʷʤʽ ʦʩʽ ʆʫ 

(ʨʠʩ. 2) ʤʦʞʥʘ ʚʠʟʥʘʯʠʪʠ ʥʝʨʽʚʥʦʩʪʷʤʠ 

,bxa ¢¢  ),()( 21 xyx jj ¢¢  ʜʝ )(1 xy j=  ʪʘ 

)(2 xy j=  ī ʨʽʚʥʷʥʥʷ ʥʠʞʥʴʦʾ ʪʘ ʚʝʨʭʥʴʦʾ ʣʽʥʽʾ 

ʛʨʘʥʠʮʽ, ʘ ʪʘ b  ī ʘʙʩʮʠʩʠ ʢʨʘʡʥʽʭ ʩʧʨʘʚʘ ʪʘ 

ʟʣʽʚʘ ʪʦʯʦʢ ʦʙʣʘʩʪʽ D . ʋ ʮʴʦʤʫ ʚʠʧʘʜʢʫ 

ʧʦʜʚʽʡʥʠʡ ʽʥʪʝʛʨʘʣ ʤʦʞʥʘ ʟʘʧʠʩʘʪʠ ʫ ʚʠʛʣʷʜʽ 

ʧʦʚʪʦʨʥʦʛʦ (ʘʙʦ ʜʚʦʢʨʘʪʥʦʛʦ) ʽʥʪʝʛʨʘʣʘ:                    

    

     ʫ 

                      ʫʚʠʭ       )(2 xy j=  

 

                     D   
 ʫʚʭ 

                  )(1 xy j=  

  

          0   ʘ                ʭ        b      ʭ 

 

ʈʠʩ. 2. 

.),(),(),(
)( 

)( 

)(

)(

2

1

2

1

ññ ññññ =
ö
ö

÷

õ

æ
æ

ç

å
=

D

x

x

b

a

b

a

x

x

dyyxfdxdxdyyxfdxdyyxf
j

j

j

j

                   (3) 

ɯʥʪʝʛʨʫʚʘʥʥʷ ʚ (3) ʧʨʦʚʦʜʠʪʴʩʷ ʩʧʦʯʘʪʢʫ ʟʘ ʟʤʽʥʥʦ  ʁʫ (ʧʨʠ ʮʴʦʤʫ ʭ ʚʚʘʞʘʻʪʴʩʷ 

ʩʪʘʣʦʶ), ʘ ʧʦʪʽʤ ʟʘ ʟʤʽʥʥʦ  ʁʭ. ɯʥʪʝʛʨʘʣ ʟʘ ʫ ʥʘʟʠʚʘʶʪʴ ʚʥʫʪʨʽʰʥʽʤ, ʘ ʟʘ ʭ ī 

ʟʦʚʥʽʰʥʽʤ.  

ʋ ʚʠʧʘʜʢʫ, ʢʦʣʠ ʥʠʞʥʷ ʘʙʦ ʚʝʨʭʥʷ ʣʽʥʽʷ ʤʝʞʽ ʩʢʣʘʜʘʻʪʴʩʷ ʟ ʜʝʢʽʣʴʢʦʭ ʯʘʩʪʠʥ, ʱʦ 

ʤʘʶʪʴ ʨʽʟʥʽ ʨʽʚʥʷʥʥʷ, ʪʦ ʦʙʣʘʩʪʴ D  ʧʦʪʨʽʙʥʦ ʨʦʟʙʠʪʠ ʧʨʷʤʠʤʠ, ʧʘʨʘʣʝʣʴʥʠʤʠ ʦʩʽ 

ʆʫ, ʥʘ ʯʘʩʪʠʥʠ, ʚ ʷʢʠʭ ʥʠʞʥʷ ʪʘ ʚʝʨʭʥʷ ʤʝʞʽ ʚʠʟʥʘʯʘʶʪʩɹʷ ʢʦʞʥʘ ʩʚʦʾʤ ʨʽʚʥʷʥʥʷʤ. 
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ʅʘʧʨʠʢʣʘʜ, ʜʣʷ ʦʙʣʘʩʪʽ, ʟʦʙʨʘʞʝʥʦʾ ʥʘ ʨʠʩ. 3, 

ʦʙʯʠʩʣʝʥʥʷ ʧʦʜʚʽʡʥʦʛʦ ʽʥʪʝʛʨʘʣʘ ʟʚʝʜʝʪʴʩʷ ʜʦ 

ʩʫʤʠ ʜʚʦʭ ʧʦʚʪʦʨʥʠʭ 

.),(

),(),(

)( 

)( 

)( 

)( 

3

1

2

1

ññ

ññ ññ

j

j

j

j

+

+=

x

x

b

c

D

x

x

c

a

dyyxfdx

dyyxfdxdxdyyxf

 

 

     ʫ 

                                      )(3 xy j=  

          )(2 xy j=  

                           1D    2D   

 

                 )(1 xy j=   

          0   ʘ               ʩ         b         ʭ 
 

ʈʠʩ. 3. 
 

ɸʥʘʣʦʛʽʯʥʦ ʚʚʦʜʠʪʴʩʷ ʦʟʥʘʯʝʥʥʷ ʧʦʚʪʦʨʥʦʛʦ ʽʥʪʝʛʨʘʣʘ ʧʦ ʦʙʣʘʩʪʽ ʧʨʘʚʠʣʴʥʽʡ ʫ 

ʥʘʧʨʷʤʽ ʦʩʽ ʆʭ (ʨʠʩ. 4). ɰʾ ʤʦʞʥʘ ʚʠʟʥʘʯʠʪʠ ʥʝʨʽʚʥʦʩʪʷʤʠ ,dyc ¢¢  

),()( 21 yxy yy ¢¢  ʜʝ )(1 yx y=  ʪʘ )(2 yx y=  ī ʨʽʚʥʷʥʥʷ ʣʽʚʦʾ ʪʘ ʧʨʘʚʦʾ ʣʽʥʽʾ ʛʨʘʥʠʮʽ; ʩ 

ʪʘ d  ī ʦʨʜʠʥʘʪʠ ʢʨʘʡʥʽʭ ʟʥʠʟʫ ʪʘ ʟʚʝʨʭʫ ʪʦʯʦʢ ʦʙʣʘʩʪʽ D .  
    

          ʫ 
    

            d                                       
           

        )(1 yx y=      D           )(2 yx y=  

 

          ʫ         ʭʚʭ       ʭʚʠʭ 

 

           ʩ 

 
           0                               ʭ 

 

ʈʠʩ. 4. 

                  ʫ 
       

                     d                                       
           

                  )(2 yx y=        2D      )(3 yx y=  

                  h 
                 

                )(1 yx y=     1D  

                  ʩ 

 

0 ʭ  

 

ʈʠʩ. 5. 
 

 

ɺ ʮʴʦʤʫ ʚʠʧʘʜʢʫ ʧʦʜʚʽʡʥʠʡ ʽʥʪʝʛʨʘʣ ʤʦʞʥʘ ʟʘʧʠʩʘʪʠ ʫ ʚʠʛʣʷʜʽ ʧʦʚʪʦʨʥʦʛʦ 

.),(),(
)( 

)( 

2

1

ññ ññ=
D

y

y

d

c

dxyxfdydxdyyxf
y

y

 

ʂʦʣʠ ʧʨʘʚʘ ʘʙʦ ʣʽʚʘ ʣʽʥʽʷ ʤʝʞ̔ ʩʢʣʘʜʘʻʪʴʩʷ ʟ ʜʝʢʽʣʴʢʦʭ ʯʘʩʪʠʥ, ʱʦ ʤʘʶʪʴ ʨʽʟʥʽ 

ʨʽʚʥʷʥʥʷ, ʪʦ ʦʙʣʘʩʪʴ D  ʧʦʪʨʽʙʥʦ ʨʦʟʙʠʪʠ ʧʨʷʤʠʤʠ, ʧʘʨʘʣʝʣʴʥʠʤʠ ʦʩʽ ʆʭ, ʥʘ 

ʯʘʩʪʠʥʠ, ʚ ʷʢʠʭ ʧʨʘʚʘ ʪʘ ʣʽʚʘ ʤʝʞʽ ʚʠʟʥʘʯʘʶʪʩɹʷ ʢʦʞʥʘ ʩʚʦʾʤ ʨʽʚʥʷʥʥʷʤ. ʊʘʢʠʤ 

ʯʠʥʦʤ, ʜʣʷ ʦʙʣʘʩʪʽ, ʟʦʙʨʘʞʝʥʦʾ ʥʘ ʨʠʩ. 5, ʦʙʯʠʩʣʝʥʥʷ ʧʦʜʚʽʡʥʦʛʦ ʽʥʪʝʛʨʘʣʘ 

ʟʚʦʜʠʪʴʩʷ ʜʦ ʩʫʤʠ ʜʚʦʭ ʧʦʚʪʦʨʥʠʭ 

.),(),(),(
)( 

)( 

)( 

)( 

3

2

3

1

ññ ññññ +=
D

y

y

d

h

y

y

h

c

dxyxfdydxyxfdydxdyyxf
y

y

y

y
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ʄʝʞʽ ʟʦʚʥʽʰʥʴʦʛʦ ʽʥʪʝʛʨʘʣʘ ʟʘʚʞʜʠ ʩʪʘʣʽ. ʄʝʞʽ ʚʥʫʪʨʽʰʥʴʦʛʦ, ʷʢ ʧʨʘʚʠʣʦ, 

ʟʘʣʝʞʘʪʴ ʚʽʜ ʟʤʽʥʥʦʾ ʽʥʪʝʛʨʫʚʘʥʥʷ ʟʦʚʥʽʰʥʴʦʛʦ ʽʥʪʝʛʨʘʣʘ (ʩʪʘʣʠʤʠ ʚʦʥʠ ʙʫʜʫʪʴ, 

ʷʢʱʦ ʦʙʣʘʩʪʴ ī ʧʨʷʤʦʢʫʪʥʠʢ ʟʽ ʩʪʦʨʦʥʘʤʠ, ʧʘʨʘʣʝʣʴʥʠʤʠ ʦʩʷʤ ʢʦʦʨʜʠʥʘʪ). 

ʆʪʞʝ, ʩʬʦʨʤʫʣʶʻʤʦ ʧʨʘʚʠʣʘ ʦʙʯʠʩʣʝʥʥʷ ʧʦʜʚʽʡʥʦʛʦ ʽʥʪʝʛʨʘʣʘ. 

 

1. ʋ ʩʠʩʪʝʤʽ ʢʦʦʨʜʠʥʘʪ ʆʭʫ  ʧʦʙʫʜʫʚʘʪʠ ʦʙʣʘʩʪʴ D  ʪʘ ʚʠʟʥʘʯʠʪʠ ʾʾ ʛʨʘʥʠʮʽ. 

 

2. ɺʠʙʨʘʪʠ ʧʦʨʷʜʦʢ ʽʥʪʝʛʨʫʚʘʥʥʷ: 

ññ dyyxfdx ),(  

 

3. ʉʧʨʦʝʢʪʫʚʘʪʠ D  ʥʘ ʚʽʩʴ ʆʭ (ʨʠʩ.2) ʪʘ 

ʟʥʘʡʪʠ ʥʘ ʮʽʡ ʦʩʽ ʤʝʞʦʚʽ ʪʦʯʢʠ ʘ ʪʘ b. 

ʎʝ ʤʝʞʽ ʟʦʚʥʽʰʥʴʦʛʦ ʽʥʪʝʛʨʘʣʘ. 

 

  

4. ɿʘʬʽʢʩʫʚʘʪʠ ʜʦʚʽʣʴʥʫ ʪʦʯʢʫ  ʭ 

)( bxa ¢¢  ʥʘ ʦʩʽ ʆʭ ʽ ʧʨʦʚʝʩʪʠ ʯʝʨʝʟ 

ʥʝʾ ʧʨʷʤʫ, ʧʘʨʘʣʝʣʴʥʫ ʜʦ ʦʩʽ ʆʫ, 

ʚʽʜʤʽʪʠʪʠ ʪʦʯʢʠ ʚʭʦʜʫ ʚ ʦʙʣʘʩʪʴ ʪʘ 

ʚʠʭʦʜʫ ʟ ʥʝʾ. ɿʥʘʯʝʥʥʷ ʢʦʦʨʜʠʥʘʪʠ ʫ 

(ʫʚʭ )(1 xj= , ʫʚʠʭ )(2 xj= ) ʚ ʮʠʭ ʪʦʯʢʘʭ ʻ 

ʚʽʜʧʦʚʽʜʥʦ ʥʠʞʥʴʦʶ ʪʘ ʚʝʨʭʥʴʦʶ 

ʤʝʞʘʤʠ ʽʥʪʝʛʨʫʚʘʥʥʷ ʚʥʫʪʨʽʰʥʴʦʛʦ 

ʽʥʪʝʛʨʘʣʘ.  

ññ dxyxfdy ),(  

 

3. ʉʧʨʦʝʢʪʫʚʘʪʠ D  ʥʘ ʚʽʩʴ ʆʫ (ʨʠʩ.4) 

ʪʘ ʟʥʘʡʪʠ ʥʘ ʮʽʡ ʦʩʽ ʤʝʞʦʚʽ ʪʦʯʢʠ ʩ 

ʪʘ d. ʎʝ ʤʝʞʽ ʟʦʚʥʽʰʥʴʦʛʦ 

ʽʥʪʝʛʨʘʣʘ. 

    

4. ɿʘʬʽʢʩʫʚʘʪʠ ʜʦʚʽʣʴʥʫ ʪʦʯʢʫ  ʫ 

)( dyc ¢¢  ʥʘ ʦʩʽ ʆʫ ʽ ʧʨʦʚʝʩʪʠ 

ʯʝʨʝʟ ʥʝʾ ʧʨʷʤʫ, ʧʘʨʘʣʝʣʴʥʫ ʜʦ ʦʩʽ 

ʆʭ, ʚʽʜʤʽʪʠʪʠ ʪʦʯʢʠ ʚʭʦʜʫ ʚ 

ʦʙʣʘʩʪʴ ʪʘ ʚʠʭʦʜʫ ʟ ʥʝʾ. ɿʥʘʯʝʥʥʷ 

ʢʦʦʨʜʠʥʘʪʠ ʭ (ʭʚʭ )(1 xy= ,    ʭʚʠʭ

)(2 xy= ) ʚ ʮʠʭ ʪʦʯʢʘʭ ʻ ʚʽʜʧʦʚʽʜʥʦ 

ʥʠʞʥʴʦʶ ʪʘ ʚʝʨʭʥʴʦʶ ʤʝʞʘʤʠ 

ʽʥʪʝʛʨʫʚʘʥʥʷ ʚʥʫʪʨʽʰʥʴʦʛʦ 

ʽʥʪʝʛʨʘʣʘ.  

 

5.  ʈʦʟʩʪʘʚʠʪʠ ʤʝʞʽ ʫ ʧʦʚʪʦʨʥʦʤʫ ʽʥʪʝʛʨʘʣʽ ʪʘ ʦʙʯʠʩʣʠʪʠ ʡʦʛʦ. 
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ʇʨʠʢʣʘʜ 1.  ʆʙʯʠʩʣʠʪʠ  ,)(ññ+
D

dxdyxy  ʜʝ ʦʙʣʘʩʪʴ D  ʦʙʤʝʞʝʥʘ ʣʽʥʽʷʤʠ 

.1   ,2   , === xxyxy  

ʈʦʟʚôʷʟʫʚʘʥʥʷ.  

ʆʙʣʘʩʪʴ D  ʟʥʘʭʦʜʠʪʴʩʷ ʤʽʞ ʧʨʷʤʠʤʠ 0=x  ʪʘ 

,1=x  ʟʥʠʟʫ ʦʙʤʝʞʝʥʘ ʧʨʷʤʦʶ ,xy=  ʘ ʟʚʝʨʭʫ 

ʧʨʷʤʦ xʁy 2=  (ʨʠʩ. 6). ʆʪʞʝ, 

.
6

5

6

5

2

5

22

)2(
2

2
)()(

1

0

1

0

1

0

32
2

2
2

2

2
21

0

21

0

ñ ñ

ñññññ

===öö
÷

õ
ææ
ç

å
--+=

=öö
÷

õ
ææ
ç

å
+=+=+

xdxxdx
x

x
x

x

y
xydxdyyxdxdxdyxy

x

x

x

xD

 

 

         ʫ 

          2                                   xy 2=  

                                                 

           
         1           D      xy=  

                   

 

  
              0            1           ʭ  
 

ʈʠʩ. 6. 

ʇʨʠʢʣʘʜ 2.  ʆʙʯʠʩʣʠʪʠ  ,ññ
D

yxdxdy  ʜʝ ʦʙʣʘʩʪʴ D  ʦʙʤʝʞʝʥʘ ʣʽʥʽʷʤʠ 

.2   ,4 2 xyxy =-=  

ʈʦʟʚôʷʟʫʚʘʥʥʷ.   

ɺʠʢʦʥʘʻʤʦ ʨʠʩʫʥʦʢ (ʨʠʩ.7). ɼʣʷ ʮʴʦʛʦ ʟʥʘʡʜʝʤʦ ʪʦʯʢʠ ʧʝʨʝʪʠʥʫ ʧʨʷʤʦʾ ʽ 

ʧʘʨʘʙʦʣʠ, ʨʦʟʚôʷʟʘʚʰʠ ʨʽʚʥʷʥʥʷ  2 5,04 yy =+ . ɿʚʽʜʩʠ ʦʪʨʠʤʘʻʤʦ (2;ī2) ʪʘ (8;4).  

ɺ ʜʘʥʦʤʫ ʚʠʧʘʜʢʫ ʟʨʫʯʥʽʰʝ ʚʠʙʠʨʘʪʠ ʟʦʚʥʽʰʥʻ ʽʥʪʝʛʨʫʚʘʥʥʷ ʟʘ ʟʤʽʥʥʦʶ ʫ. ʊʦʜʽ 

,42 ¢¢- y  .45,0 2 +¢¢ yxy  

ʆʪʞʝ, 

.90
24

8
3

8

42

1

4
168

2

1

2

4

2

6
2

34

4

2

5
23

4

5,0

24

2

4

5,0

4

2 22

=öö
÷

õ
ææ
ç

å
-++=

=öö
÷

õ
ææ
ç

å
-++=

=öö
÷

õ
ææ
ç

å
==

-

-

+

-

+

-

ñ

ñññññ

y
y

yy

dy
y

yyy

x
ydyxydxdyyxdxdy

y

y

y

yD

 

      

     ʫ 
             

      4                                    

                 xy 22=                                  

      2    
                      D             4-=xy  

                   

      0             2       4                    8       ʭ 

 

    ī2       

ʈʠʩ. 7. 
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ʇʨʠʢʣʘʜ 3.  ʆʙʯʠʩʣʠʪʠ  ,ññ
D

x

y

dxdye  ʜʝ ʦʙʣʘʩʪʴ D  ʦʙʤʝʞʝʥʘ ʣʽʥʽʷʤʠ 

.1   ,0   , === xyxy  

ʈʦʟʚôʷʟʫʚʘʥʥʷ.   

ʆʙʣʘʩʪʴ ʻ ʧʨʘʚʠʣʴʥʦʶ ʽ ʚ ʥʘʧʨʷʤʽ ʦʩʽ ʆʫ, ʽ ʚ ʥʘʧʨʷʤʽ ʦʩʽ ʆʭ (ʨʠʩ. 8).   

ʆʪʞʝ, ʤʦʞʥʘ ʚʠʙʠʨʘʪʠ ʙʫʜʴ-ʷʢʠʡ ʧʦʨʷʜʦʢ 

ʽʥʪʝʛʨʫʚʘʥʥʷ, ʘʣʝ ʦʙʯʠʩʣʠʪʠ ʜʘʥʠʡ ʽʥʪʝʛʨʘʣ ʤʦʞʥʘ ʣʠʰʝ 

ʧʨʠ ʟʦʚʥʽʰʥʴʦʤʫ ʽʥʪʝʛʨʫʚʘʥʥʽ ʟʘ ʭ, ʚ ʽʥʰʦʤʫ ʚʠʧʘʜʢʫ 

ʪʨʝʙʘ ʦʙʯʠʩʣʶʚʘʪʠ ʽʥʪʝʛʨʘʣ ñ dxx

y

e , ʷʢʠʡ ʚ ʝʣʝʤʝʥʪʘʨʥʠʭ 

ʬʫʥʢʮʽʷʭ ʥʝ ʦʙʯʠʩʣʶʻʪʴʩʷ.  

.
2

1
)1(

1

0

1

0
0
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-
=-=ö
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÷

õ

æ
æ

ç

å
== ññññññ

e
eeee dxxxdxdydxdxdy

x

x

yx

x
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D

x

y

 

  

       ʫ 
                                            xy=  

         1                                      

           

                      D     1=x  
                   
 

            0             1          ʭ  
 

ʈʠʩ. 8. 

 

ʇʨʠʢʣʘʜ 4.  ʇʦʤʽʥʷʪʠ ʧʦʨʷʜʦʢ ʽʥʪʝʛʨʫʚʘʥʥʷ ʚ ʽʥʪʝʛʨʘʣʽ .),(
21

0 2

ññ
-x

x

dyyxfdx  

ʈʦʟʚôʷʟʫʚʘʥʥʷ.   ʆʙʣʘʩʪʴ   D    ʟʥʘʭʦʜʠʪʴʩʷ   ʤʽʞ   ʧʨʷʤʠʤʠ   0=x   ʪʘ  ,1=x   ʟʥʠʟʫ  

ʦʙʤʝʞʝʥʘ ʧʘʨʘʙʦʣʦʶ ,2xy=  ʘ ʟʚʝʨʭʫ ʧʨʷʤʦʶ ī 

xy -=2  (ʨʠʩ.9). ʑʦʙ ʟʤʽʥʠʪʠ ʧʦʨʷʜʦʢ ʽʥʪʝʛʨʫʚʘʥʥʷ, 

ʨʦʟʛʣʷʥʝʤʦ ʮʶ ʦʙʣʘʩʪʴ ʷʢ ʧʨʘʚʠʣʴʥʫ ʚ ʥʘʧʨʷʤʽ ʦʩʽ 

ʆʭ. ɺʦʥʘ ʦʙʤʝʞʝʥʘ ʧʨʷʤʠʤʠ ʫ=0 ʪʘ ʫ=2, ʘʣʝ ʧʨʘʚʘ 

ʯʘʩʪʠʥʘ ʤʝʞʽ ʦʙʣʘʩʪʽ ʟʘʜʘʥʘ ʜʚʦʤʘ ʨʽʟʥʠʤʠ ʣʽʥʽʷʤʠ. 

ʈʽʚʥʷʥʥʷ ʮʠʭ ʣʽʥʽʡ ʦʪʨʠʤʘʻʤʦ, ʚʠʨʘʟʠʚʰʠ ʭ ʯʝʨʝʟ ʫ: 

yx °=  ʪʘ .2 yx -= ʆʩʢʽʣʴʢʠ ʜʣʷ ʜʘʥʦʾ ʦʙʣʘʩʪʽ   

,0²x   ʪʦ  ʨʽʚʥʷʥʥʷ  ʧʨʘʚʦʾ  ʛʽʣʢʠ  ʧʘʨʘʙʦʣʠ .yx=  

       

     ʫ 
             
                                    

        2                                        
           

            2D      xy -=2  

       1           
                       

              1D    
2xy=  

                     

  

           0          1           2       ʭ  
  

  

ʈʠʩ. 9. 

ʈʦʟʽʙôʻʤʦ ʦʙʣʘʩʪʴ D  ʧʨʷʤʦʶ ʫ=1 ʥʘ ʜʚʽ ʦʙʣʘʩʪʽ: 

},0  ,10  :),{(1 yxyyxD ¢¢¢¢=     }.20  ,21  :),{(1 yxyyxD -¢¢¢¢=  

ʊʦʜʽ 

.),(),(),(
2

0

2

10

1

0

21

0 2

ññññññ
--

+=
yyx

x

dxyxfdydxyxfdydyyxfdx  
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1.3. ɿʘʤʽʥʘ ʟʤʽʥʥʠʭ ʫ ʧʦʜʚʽʡʥʦʤʫ ʽʥʪʝʛʨʘʣ ̔

 

ʅʝʭʘʡ ʟʤʽʥʥʽ x, y ʧʦʚôʷʟʘʥʽ ʟʽ ʟʤʽʥʥʠʤʠ u ʪʘ v ʩʧʽʚʚʽʜʥʦʰʝʥʥʷʤʠ  ),,( vuxx=  

),,( vuyy=  ʜʝ ),( vux  ʪʘ ),( vuy  ʥʝʧʝʨʝʨʚʥʽ  ʨʘʟʦʤ ʟ  ʧʝʨʰʠʤʠ ʯʘʩʪʠʥʥʠʤʠ ʧʦʭʽʜʥʠʤʠ  

  

  y                                v            

                D 

                                                         D
*  

           M(x,y)                                 N(u,v)       

 

 

       0                      x         0                      u  

 

ʈʠʩ. 10. 
  

ʬʫʥʢʮʽʾ, ʱʦ ʟʜʽʡʩʥʶʶʪʴ ʚʟʘʻʤʥʦ 

ʦʜʥʦʟʥʘʯʥʝ ʚʽʜʦʙʨʘʞʝʥʥʷ ʟʘʤʢʥʝʥʦʾ 

ʦʙʤʝʞʝʥʦʾ ʦʙʣʘʩʪʽ D
*
 ʧʣʦʱʠʥʠ Ouv ʥʘ 

ʟʘʤʢʥʝʥʫ ʦʙʤʝʞʝʥʫ ʦʙʣʘʩʪʴ D 
 
ʧʣʦʱʠʥʠ 

Oxy (ʨʠʩ. 10). 

ʗʢʱʦ ʬʫʥʢʮʽʷ ),( yxf  ʥʝʧʝʨʝʨʚʥʘ ʚ ʦʙʣʘʩʪʽ 

D, ʪʦ ʩʧʨʘʚʝʜʣʠʚʘ ʬʦʨʤʫʣʘ ʟʘʤʽʥʠ ʟʤʽʥʥʠʭ  

ʫ ʧʦʜʚʽʡʥʦʤʫ ʽʥʪʝʛʨʘʣʽ: 

,),()),(),,((),( ññññ =
DD

dudvvuJvuyvuxfdxdyyxf                           (3) 

ʜʝ 0),( ¸

µ

µ

µ

µ
µ

µ

µ

µ

=

v

y

u

y
v

x

u

x

vuJ  ī ʚʠʟʥʘʯʥʠʢ ʧʝʨʝʪʚʦʨʝʥʥʷ ʘʙʦ ʚʠʟʥʘʯʥʠʢ ʗʢʦʙʽ (ʷʢʦʙʽʘʥ). 

ɺʠʢʦʥʫʶʯʠ ʟʘʤʽʥʫ ʟʤʽʥʥʠʭ, ʧʦʪʨʽʙʥʦ ʝʣʝʤʝʥʪ ʧʣʦʱʽ dxdy ʚ ʢʦʦʨʜʠʥʘʪʘʭ x, y 

ʟʘʤʽʥʠʪʠ ʝʣʝʤʝʥʪʦʤ ʧʣʦʱʽ dudvvuJ ),(  ʚ ʢʦʦʨʜʠʥʘʪʘʭ u, v, ʘ ʩʪʘʨʫ ʦʙʣʘʩʪʴ 

ʽʥʪʝʛʨʫʚʘʥʥʷ D ʟʘʤʽʥʠʪʠ ʚʽʜʧʦʚʽʜʥʦʶ ʾʡ ʦʙʣʘʩʪʶ D
*
. ʄʝʞʽ ʚ ʥʦʚʦʤʫ ʽʥʪʝʛʨʘʣʽ 

ʨʦʟʩʪʘʚʣʷʶʪʴʩʷ ʟʘʣʝʞʥʦ ʚʽʜ ʚʠʜʫ ʦʙʣʘʩʪʽ D
*
. 

ɿʘʤʽʥʫ ʟʤʽʥʥʠʭ ʚ ʧʦʜʚʽʡʥʦʤʫ ʽʥʪʝʛʨʘʣʽ ʨʝʢʦʤʝʥʜʫʻʪʴʩʷ ʧʨʦʚʦʜʠʪʠ ʪʘʢʠʤ ʯʠʥʦʤ, 

ʱʦ ʩʧʨʦʱʫʚʘʣʠʩʴ ʦʙʣʘʩʪʴ ʽʥʪʝʛʨʫʚʘʥʥʷ ʪʘ ʧʽʜʽʥʪʝʛʨʘʣʴʥʘ ʬʫʥʢʮʽʷ. 

 

ʇʨʠʢʣʘʜ 1.  ʆʙʯʠʩʣʠʪʠ  ,)36(ññ-
D

dxdyyx  ʜʝ ʦʙʣʘʩʪʴ D  ʦʙʤʝʞʝʥʘ ʣʽʥʽʷʤʠ 

.32   ,12   ,2   ,1 =-=-=+=+ yxyxyxxy  

ʈʦʟʚôʷʟʫʚʘʥʥʷ.  

ʆʙʣʘʩʪʴ D  ī ʧʘʨʘʣʝʣʦʛʨʘʤ. ɹʝʟʧʦʩʝʨʝʜʥʻ ʦʙʯʠʩʣʝʥʥʷ ʮʴʦʛʦ ʽʥʪʝʛʨʘʣʘ ʜʦʩʠʪʴ 

ʛʨʦʤʽʟʜʢʝ, ʦʩʢʽʣʴʢʠ ʦʙʣʘʩʪʴ D  ʪʨʝʙʘ ʩʧʦʯʘʪʢʫ ʨʦʟʙʠʪʠ ʥʘ ʪʨʠ ʦʙʣʘʩʪʽ, ʘ ʧʦʪʽʤ 

ʦʙʯʠʩʣʠʪʠ ʪʨʠ ʽʥʪʝʛʨʘʣʠ. 
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                ʫ 
             

                2    2=+yx  
                                                                 12 =-yx  

           

                 1             
                                 D          32 =-yx  

 
                     0          1           2         ʭ  
                                                 1=+xy  

  

 

a) 

 

           v       1=u     2=u      

 

            3                   3=v                                                

                        D
*  

 
  

           1                    1=v  

    

            0       1      2         u    
 
 

 

 

ʙ) 
 

ʈʠʩ. 11. 

  

ɺʠʢʦʥʘʻʤʦ ʟʘʤʽʥʫ ʟʤʽʥʥʠʭ: .2   , vyxuxy =-=+  

ʊʦʜʽ ʧʨʷʤʽ 1=+xy  ʪʘ 2 =+yx  ʚ ʩʠʩʪʝʤʽ Oxy ʧʝʨʝʭʦʜʷʪʴ ʫ ʧʨʷʤʽ 1=u  ʪʘ 2=u  ʫ 

ʩʠʩʪʝʤʽ Ouv, ʘ ʧʨʷʤʽ 12 =-yx  ʪʘ 32 =-yx  ʚʽʜʧʦʚʽʜʥʦ ʫ  ʧʨʷʤʽ 1=v  ʪʘ 3=v . 

ʊʘʢʠʤ ʯʠʥʦʤ, ʦʙʣʘʩʪʴ D  (ʧʘʨʘʣʝʣʦʛʨʘʤ) ʧʝʨʝʭʦʜʠʪʴ ʫ ʩʠʩʪʝʤʽ  Ouv  ʚ ʧʨʷʤʦʢʫʪʥʠʢ 

D
*
 (ʨʠʩ. 11). 

ɼʘʣʽ ʤʘʻʤʦ: 

.
3

1
),(;

3

1

3

2

3

2
3

1

3

1

),(

);2(
3

1

);(
3

1

;2 

  ;
=Ý-=

-

=Ý

î
î
í

îî
ì

ë

-=

+=

Ý
í
ì
ë

=-

=+
vuJvuJ

vuy

vux

vyx

uxy
 

ʆʪʞʝ, 

.43
3

1

3

1
)2(

3

1
3)(

3

1
6)36(

3

1

2

1

==Öö
÷

õ
æ
ç

å
-Ö-+Ö=- ññññññ

*

vdvdududvvuvudxdyyx
DD
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ʇʦʣʷʨʥʽ ʢʦʦʨʜʠʥʘʪʠ. 

ʅʘ ʧʨʘʢʪʠʮʽ ʯʘʩʪʦ ʜʦʚʦʜʠʪʴʩʷ ʨʦʙʠʪʠ ʧʝʨʝʭʽʜ ʜʦ ʧʦʣʷʨʥʠʭ ʢʦʦʨʜʠʥʘʪ ,   , jr  

ʧʦʚôʷʟʘʥʠʭ  ʟ  ʜʝʢʘʨʪʦʚʠʭ  x  ʪʘ  y  ʩʧʽʚʚʽʜʥʦʰʝʥʥʷʤʠ:  .sin   ,cos jr=jr= yx  

ɿʥʘʡʜʝʤʦ ʷʢʦʙʽʘʥ ʮʴʦʛʦ ʧʝʨʝʪʚʦʨʝʥʥʷ 

.sincos
cossin

sincos
),( 22 r=jr+jr=

jrj

jr-j
=

jµ

µ

rµ

µ
jµ

µ

rµ

µ

==jr
yy

xx

J  

ʊʦʜʽ 

.)sin,cos(),(   ññññ
*

jrrjrjr=
DD

ddfdxdyyxf                              (4) 

ɿʦʙʨʘʞʘʪʠ ʦʢʨʝʤʦ ʦʙʣʘʩʪʴ D
*  
ʚ ʩʠʩʪʝʤʽ rjO  ʥʝʤʘʻ ʧʦʪʨʝʙʠ. ʇʦʪʨʽʙʥʦ ʟʦʙʨʘʟʠʪʠ 

ʦʙʣʘʩʪʴ D  ʚ ʩʠʩʪʝʤʽ ʆʭʫ ʽ ʤʘʪʠ ʥʘ ʫʚʘʟʽ, ʱʦ: 

 

1. ʗʢʱʦ ʦʙʣʘʩʪʴ D ʦʙʤʝʞʝʥʘ ʧʨʦʤʝʥʷʤʠ,  ʷʢʽ 

ʫʪʚʦʨʶʶʪʴ ʟ ʧʦʣʷʨʥʦʶ ʚʽʩʩʶ ʢʫʪʠ a ʪʘ b  (a <b ), ʽ 

ʢʨʠʚʠʤʠ )(1 jr=r  ʪʘ )(2 jr=r  )),()(( 21 jr¢jr  ʪʦ 

ʧʦʣʷʨʥʽ ʢʦʦʨʜʠʥʘʪʠ ʦʙʣʘʩʪʽ D
*
 (ʨʠʩ. 12) ʟʤʽʥʶʶʪʴʩʷ ʚ 

ʤʝʞʘʭ .   ),()( 21 b¢j¢ajr¢r¢jr  ʊʦʤʫ ʤʦʞʥʘ 

ʨʦʟʩʪʘʚʠʪʠ ʤʝʞʽ ʧʦʚʪʦʨʥʦʛʦ ʽʥʪʝʛʨʘʣʘ ʫ ʚʠʛʣʷʜʽ 

.)sin,cos(),(   

)(

)(

2

1

ññññ
jr

jr

b

a

rrjrjrj= dfddxdyyxf
D

 

        

               
                            )(2 jr=r      

 
                        D      
         )(1 jr=r             

           b     

                   a             
          

 

ʈʠʩ. 12. 

 

2. ʗʢʱʦ ʦʙʣʘʩʪʴ D ʦʭʦʧʣʶʻ ʧʦʯʘʪʦʢ ʢʦʦʨʜʠʥʘʪ, ʘ )(jr=r  ī ʧʦʣʷʨʥʝ ʨʽʚʥʷʥʥʷ ʤʝʞʽ 

ʦʙʣʘʩʪʽ D, ʪʦ 

.)sin,cos(),(   

)(

0

2

0

ññññ
jrp

rrjrjrj= dfddxdyyxf
D

                        (5) 

ʗʢ ʧʨʘʚʠʣʦ, ʤʝʞʽ ʚʥʫʪʨʽʰʥʴʦʛʦ ʽʥʪʝʛʨʘʣʘ (ʟʘ r) ʟʘʣʝʞʘʪʴ ʚʽʜ j; ʚʦʥʠ ʙʫʜʫʪʴ 

ʩʪʘʣʠʤʠ ʪʽʣʴʢʠ ʚ ʪʦʤʫ ʚʠʧʘʜʢʫ, ʷʢʱʦ ʦʙʣʘʩʪʴ ʽʥʪʝʛʨʫʚʘʥʥʷ ʻ ʢʨʫʛʦʚʠʤ ʩʝʢʪʦʨʦʤ  ʘʙʦ 

ʨʽʟʥʠʮʝʶ ʢʨʫʛʦʚʠʭ ʩʝʢʪʦʨʽʚ ʟ ʮʝʥʪʨʦʤ ʚ ʧʦʣʶʩʽ. ʄʝʞʽ ʟʦʚʥʽʰʥʴʦʛʦ ʽʥʪʝʛʨʘʣʘ (ʟʘ j) 

ʟʘʚʞʜʠ ʩʪʘʣʽ. 
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ʇʨʠʢʣʘʜ 2.  ʆʙʯʠʩʣʠʪʠ  ,
22ññ

+D yx

dxdy
 ʜʝ ʦʙʣʘʩʪʴ D  ī ʢʨʫʛʦʚʝ ʢʽʣʴʮʝ ʦʙʤʝʞʝʥʝ 

ʣʽʥʽʷʤʠ .4   ,1 2222 =+=+ yxyx  

ʈʦʟʚôʷʟʫʚʘʥʥʷ.  

ɺʠʢʦʥʘʻʤʦ ʟʘʤʽʥʫ ʟʤʽʥʥʠʭ: .sin   ,cos jr=jr= yx  

ʊʦʜʽ 

.sincos 2222222 r=jr+jr=+yx  

ʆʙʣʘʩʪʴ D  (ʨʠʩ. 13) ʚ ʧʦʣʷʨʥʠʭ ʢʦʦʨʜʠʥʘʪʘʭ 

ʟʘʧʠʰʝʪʴʩʷ 

.20   ,21 p¢j¢¢r¢  

ʆʪʞʝ, 

.2
1 2

1

2

0

2

1
2

2

0
22

p=rj=rr
r

j=
+

ññññññ
pp

dddd
yx

dxdy

D

 

                   ʫ           
                             2=r      

              D      
               

               1=r             
                  

                   0                   ʭ 

 

 
                               4 22 =+yx  

 

ʈʠʩ. 13. 

 

 

ʇʨʠʢʣʘʜ 3.  ʆʙʯʠʩʣʠʪʠ  ,22

ññ+
D

dxdyyx  ʜʝ ʦʙʣʘʩʪʴ D  ʦʙʤʝʞʝʥʘ ʣʽʥʽʷʤʠ 

.4   ,2 2222 xyxxyx =+=+  

ʈʦʟʚôʷʟʫʚʘʥʥʷ.  

ɺʠʢʦʥʘʻʤʦ ʟʘʤʽʥʫ ʟʤʽʥʥʠʭ: .sin   ,cos jr=jr= yx  

ʊʦʜʽ  

.cos2cos

cos2sincos2

2

222222

j=rÝjr=r

Ýjr=jr+jrÝ=+ xyx
  

ɸʥʘʣʦʛʽʯʥʦ    

.cos4422 j=rÝ=+ xyx  

ʆʙʣʘʩʪʴ D  (ʨʠʩ. 14) ʚ ʧʦʣʷʨʥʠʭ ʢʦʦʨʜʠʥʘʪʘʭ 

ʟʘʧʠʰʝʪʴʩʷ 

    ʫ           
                                 jr cos4=      

                            
                 jr cos2=             
                  

     0        1      2           4    ʭ 
                           

                          D 
                           

 

ʈʠʩ. 14. 

.
22

  ,cos4cos2
p
¢j¢

p
-j¢r¢j  

ʆʪʞʝ, 
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=jj=öö
÷

õ
ææ
ç

år
j=rrj=+ ññññññ

p

p
-

j

j

p

p
-

j

j

p

p
-

2

2

3

cos4

cos2

32

2

cos4

cos2

2
2

2

22 cos
3

56

3
dddddxdyyx

D

 

.
9

224
)

3

sin
(sin

3

56
)(sin)sin1(

3

56 2

2

32

2

2 =
j

-j=jj-=

p

p
-

p

p
-

ñ d  

ʂʨʽʤ ʧʦʣʷʨʥʠʭ ʢʦʦʨʜʠʥʘʪ ʯʘʩʪʦ ʚʠʢʦʨʠʩʪʦʚʫʶʪʴʩʷ ʫʟʘʛʘʣʴʥʝʥʽ ʧʦʣʷʨʥʽ 

ʢʦʦʨʜʠʥʘʪʠ, ʧʦʚôʷʟʘʥʽ ʟ ʜʝʢʘʨʪʦʚʠʤʠ ʟʘ ʬʦʨʤʫʣʘʤʠ: 

îí

î
ì
ë

jr+=

jr+=

.sin

   ,cos

0

0

mn

mn

byy

axx
 

ʏʠʩʣʘ mnbayx   ,  ,  ,  ,  , 00  ʧʽʜʙʠʨʘʶʪʴʩʷ ʚ ʢʦʞʥʦʤʫ ʦʢʨʝʤʦʤʫ ʚʠʧʘʜʢʫ ʟ ʤʽʨʢʫʚʘʥʴ 

ʟʨʫʯʥʦʩʪʽ. ʗʢʦʙʽʘʥ ʪʘʢʦʛʦ ʧʝʨʝʪʚʦʨʝʥʥʷ  .sincos),( 1112 jjr=jr --- mmnabnmJ  

 

ʇʨʠʢʣʘʜ 4.  ʆʙʯʠʩʣʠʪʠ  ,1
2

2

2

2

ññ --
D

dxdy
b

y

a

x
 ʜʝ ʦʙʣʘʩʪʴ D  ʦʙʤʝʞʝʥʘ ʝʣʽʧʩʦʤ  

.1
2

2

2

2

=+
b

y

a

x
 

ʈʦʟʚôʷʟʫʚʘʥʥʷ.  

ɺʚʝʜʝʤʦ ʫʟʘʛʘʣʴʥʝʥʽ ʧʦʣʷʨʥʽ ʢʦʦʨʜʠʥʘʪʠ:  

í
ì
ë

jr=

jr=

.sin

   ,cos

by

ax
 

ʗʢʦʙʽʘʥ ʧʝʨʝʪʚʦʨʝʥʥʷ  .),( r=jr abJ   

                   ʫ           

                    b     
                       D 
                  

 a-                                   a     ʭ 
                           

                 b-   
 

ʈʠʩ. 15. 
  

ʊʦʜʽ           .111
sincos

1 2

2

222

2

222

2

2

2

2

=rÝ=rÝ=
jr

+
jr

Ý=+
b

b

a

a

b

y

a

x
  

ʆʙʣʘʩʪʴ D  (ʨʠʩ. 15) ʚ ʧʦʣʷʨʥʠʭ ʢʦʦʨʜʠʥʘʪʘʭ ʟʘʧʠʰʝʪʴʩʷ   .20  ,10 p¢j¢¢r¢  

ʆʪʞʝ, 

( ) .
3

2

3
1

3

1
11

2

0

1

0

32
2

0

1

0

2
2

0
2

2

2

2 ab
d

ab
dabdabddxdy

b

y

a

x

D

p
=j=ö

÷

õ
æ
ç

å
r--j=rrr-j=-- ñññ ñññ

ppp
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1.4. ɿʘʩʪʦʩʫʚʘʥʥʷ ʧʦʜʚʽʡʥʦʛʦ ʽʥʪʝʛʨʘʣʘ ʚ ʟʘʜʘʯʘʭ ʛʝʦʤʝʪʨʽʾ ʪʘ ʤʝʭʘʥʽʢʠ. 

 

ɻʝʦʤʝʪʨʽʷ. 

1. ʇʣʦʱʘ ʧʣʦʩʢʦʾ ʬʽʛʫʨʠ, ʦʙʤʝʞʝʥʦʾ ʦʙʣʘʩʪʶ D :  

. ññ=
D

dxdyS                                                          (6) 

2. ʆʙôʻʤ ʮʠʣʽʥʜʨʠʯʥʦʛʦ ʪʽʣʘ ʟ ʪʚʽʨʥʠʤʠ, ʧʘʨʘʣʝʣʴʥʠʤʠ ʦʩʽ Oz, ʦʙʤʝʞʝʥʦʛʦ 

ʟʚʝʨʭʫ ʧʦʚʝʨʭʥʝʶ :),( yxfz=  

.),(  ññ=
D

dxdyyxfV                                                     (7) 

ʗʢʱʦ ʪʘʢʝ ʮʠʣʽʥʜʨʠʯʥʝ ʪʽʣʦ ʦʙʤʝʞʝʥʝ ʟʥʠʟʫ ʧʦʚʝʨʭʥʝʶ ),(1 yxfz= , ʘ ʟʚʝʨʭʫ ī 

),,(2 yxfz=  ʪʦ ʡʦʛʦ ʦʙôʻʤ ʦʙʯʠʩʣʶʻʪʴʩʷ ʟʘ ʬʦʨʤʫʣʦʶ  

( ) .),(),(  12ññ -=
D

dxdyyxfyxfV                                           (8) 

ʗʢʱʦ ʨʽʚʥʷʥʥʷ ʧʦʚʝʨʭʦʥʴ, ʱʦ ʦʙʤʝʞʫʶʪʴ ʜʘʥʝ ʮʠʣʽʥʜʨʠʯʥʝ ʪʽʣʦ, ʟʘʜʘʥʦ ʫ 

ʚʠʛʣʷʜʽ ),( zyxx=  ʘʙʦ ),,( zxyy=  ʪʦ ʦʙôʻʤ ʟʥʘʭʦʜʷʪʴ ʟʘ ʬʦʨʤʫʣʘʤʠ ʪʠʧʫ (7) ʘʙʦ (8), 

ʘʣʝ ʽʥʪʝʛʨʘʣʠ ʙʝʨʫʪʴ ʟʦ ʧʨʦʝʢʮʽʷʤʠ ʪʽʣʘ ʚʽʜʧʦʚʽʜʥʦ ʥʘ ʧʣʦʱʠʥʫ Oyz ʘʙʦ Oxz ʟ 

ʚʽʜʧʦʚʽʜʥʠʤʠ ʟʤʽʥʥʠʤʠ ʽʥʪʝʛʨʫʚʘʥʥʷ. 

3. ʇʣʦʱʘ ʧʦʚʝʨʭʥʽ, ʷʢʘ ʟʘʜʘʥʘ ʨʽʚʥʷʥʥʷʤ ),( yxfz=  ʽ ʧʨʦʝʢʪʫʻʪʴʩʷ ʥʘ ʧʣʦʱʠʥʫ 

Oxy ʚ ʦʙʣʘʩʪʴ  D : 

.),(),(1  
2  2  

ññ ¡+¡+=
D

yx dxdyyxfyxfP                                     (9) 

ʇʣʦʱʫ ʧʦʚʝʨʭʦʥʴ, ʨʽʚʥʷʥʥʷ ʷʢʠʭ ʟʘʜʘʥʦ ʫ ʚʠʛʣʷʜʽ ),( zyxx=  ʘʙʦ ),,( zxyy=  

ʟʥʘʭʦʜʷʪʴ ʟʘ ʘʥʘʣʦʛʽʯʥʠʤʠ ʬʦʨʤʫʣʘʤʠ, ʜʝ ʦʙʣʘʩʪʶ ʽʥʪʝʛʨʫʚʘʥʥʷ ʙʫʜʝ ʧʨʦʝʢʮʽʷ 

ʧʦʚʝʨʭʥʽ ʥʘ ʚʽʜʧʦʚʽʜʥʫ ʢʦʦʨʜʠʥʘʪʥʫ ʧʣʦʱʠʥʫ. 
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ʇʨʠʢʣʘʜ 1.  ɿʥʘʡʪʠ ʧʣʦʱʫ ʬʽʛʫʨʠ ʦʙʤʝʞʝʥʦʾ ʣʽʥʽʷʤʠ  xxy 22-=  ʪʘ .xy=   

ʈʦʟʚôʷʟʫʚʘʥʥʷ.  

ɼʣʷ ʮʽʻʾ ʦʙʣʘʩʪʽ   xyxxx ¢¢-¢¢ 2    ,30 2
 (ʨʠʩ. 16). 

ʊʦʜʽ ʟʘ ʬʦʨʤʫʣʦʶ (6) 

( )

.
2

9

32

3

)3(

3

0

32

3

0

2

2

3

02

3

0

2

2

=öö
÷

õ
ææ
ç

å
-=

=-==== ññññññ -
-

xx

dxxxydxdydxdxdyS
x

xx

x

xxD

 

     ʫ           

     3               
                      
                  

     2        xy=                 
                  

       1                      xxy 22-=  

                   D 
   

      0       1       2     3   ʭ 
                                                       

   ī1         

 

ʈʠʩ. 16. 

 

ʇʨʠʢʣʘʜ 2.  ɿʥʘʡʪʠ ʧʣʦʱʫ ʬʽʛʫʨʠ ʦʙʤʝʞʝʥʦʾ ʣʽʥʽʻʶ   

.0   ),()( 222222 >-=+ ayxayx  

ʈʦʟʚôʷʟʫʚʘʥʥʷ.  

ɿʘʧʠʰʝʤʦ ʨʽʚʥʷʥʥʷ ʣʽʥʽʾ ʚ ʧʦʣʷʨʥʠʭ ʢʦʦʨʜʠʥʘʪʘʭ 

.2cos2cos

)sin(cos)()(

22

22224222222

j=rÝj=r

Ýj-jr=rÝ-=+

aa

ayxayx
 

ʎʝ ʚʽʜʦʤʝ ʨʽʚʥʷʥʥʷ ʣʝʤʥʽʩʢʘʪʠ ɹʝʨʥʫʣʣʽ (ʨʠʩ. 17). 

ʆʩʢʽʣʴʢʠ ʬʽʛʫʨʘ ʩʠʤʝʪʨʠʯʥʘ ʚʽʜʥʦʩʥʦ ʢʦʦʨʜʠʥʘʪʥʠʭ 

                    ʫ           

                                          
4

p
=j                 

                                        

 

   īʘ                                    ʘ    ʭ 

                    

  ʈʠʩ. 17. 

ʦʩʝʡ, ʪʦ ʾʾ ʧʣʦʱʘ ʚ ʯʦʪʠʨʠ ʨʘʟʠ ʙʽʣʴʰʘ ʟʘ ʧʣʦʱʫ ʯʘʩʪʠʥʠ, ʨʦʟʪʘʰʦʚʘʥʦʾ ʚ ʧʝʨʰʽʡ 

ʯʚʝʨʪʽ. ɼʣʷ ʮʽʻʾ ʯʘʩʪʠʥʠ   .
4

0    ,2cos0
p
¢j¢j¢r¢ a  

ʆʪʞʝ,  

=öö
÷

õ
ææ
ç

år
j=rrj=jrr==ññ ñññññ

j
p

j

p

D

a
a

D

ddddddxdyS

2cos

0

24

0

2cos

0

4

0 2
4444

*

.2sin2cos2 2
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0

2
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2 aada =j=jj=
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ʇʨʠʢʣʘʜ 3.  ʆʙʯʠʩʣʠʪʠ ʦʙôʻʤ ʪʽʣʘ, ʦʙʤʝʞʝʥʦʛʦ ʧʦʚʝʨʭʥʷʤʠ   

.0   ,0   ,0   ,1   ,22 ====++= zyxyxyxz  

ʈʦʟʚôʷʟʫʚʘʥʥʷ.  

ɼʘʥʝ ʪʽʣʦ ʦʙʤʝʞʝʥʝ ʢʦʦʨʜʠʥʘʪʥʠʤʠ ʧʣʦʱʠʥʘʤʠ,   

ʧʣʦʱʠʥʦʶ  ,1 =+yx  ʷʢʘ ʧʘʨʘʣʝʣʴʥʘ ʜʦ ʦʩʽ Oz, ʪʘ 

ʧʘʨʘʙʦʣʦʾʜʦʤ ʦʙʝʨʪʘʥʥʷ .22 yxz +=  

ʆʙôʻʤ ʪʘʢʦʛʦ ʮʠʣʽʥʜʨʠʯʥʦʛʦ ʪʽʣʘ ʟʥʘʭʦʜʠʤʦ ʟʘ 

ʬʦʨʤʫʣʦʶ (7), ʜʝ ʡʦʛʦ ʦʩʥʦʚʦʶ ʻ ʪʨʠʢʫʪʥʠʢ D ʚ 

ʧʣʦʱʠʥʽ ʆʭʫ, ʜʣʷ ʷʢʦʛʦ  xyx -¢¢¢¢ 10   ,10  (ʨʠʩ. 18). 

ʆʪʞʝ, 

.
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4

)1(

433

)1(
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)()(
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4431
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÷
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÷
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=öö
÷
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ñññññ
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xxx
dx

x
xx

y
yxdxdyyxdxdxdyyxV

x
x

D

 

                z           
   

                                                        

                   1                                        

                                                                    
 

  22 yxz +=  

   

 
 ī1               D              1      ʫ 
   

 1=+yx            1             

            

           ʭ               
 

ʈʠʩ. 18. 

ʇʨʠʢʣʘʜ 4.  ʆʙʯʠʩʣʠʪʠ ʦʙôʻʤ ʪʽʣʘ, ʦʙʤʝʞʝʥʦʛʦ ʧʦʚʝʨʭʥʷʤʠ   

.5   ,1 22 =++= yzxy  

ʈʦʟʚôʷʟʫʚʘʥʥʷ.  

ɼʘʥʝ ʪʽʣʦ ʦʙʤʝʞʝʥʝ ʧʘʨʘʙʦʣʦʾʜʦʤ 

ʦʙʝʨʪʘʥʥʷ ʟ ʚʽʩʩʶ ʆʫ ʽ ʧʣʦʱʠʥʦʶ ʫ=5, ʷʢʘ 

ʧʝʨʧʝʥʜʠʢʫʣʷʨʥʘ ʜʦ ʦʩʽ ʆʫ (ʨʠʩ. 19). ʁʦʛʦ 

ʧʨʦʝʢʮʽʷ ʥʘ ʧʣʦʱʠʥʫ Oxz ī ʢʨʫʛ D, ʱʦ 

ʚʠʟʥʘʯʘʻʪʴʩʷ ʨʽʚʥʷʥʥʷʤʠ  0=y  ʪʘ .422 ¢+zx  

ʆʙôʻʤ ʪʽʣʘ ʟʥʘʭʦʜʠʤʦ ʟʘ ʬʦʨʤʫʣʦʶ ʪʠʧʫ (7) 

ññññ --=++-=
DD

dxdzzxdxdzzxV .)4())1(5( 2222
 

         z           

            2 

                      
22

1 zxy ++=                                        

                                                                  
         D                                                                    

     2      0    1                                 5   ʫ 

   

   ʭ         

      ī2             
  

 

ʈʠʩ. 19. 

ɺ ʦʪʨʠʤʘʥʦʤʫ ʽʥʪʝʛʨʘʣʽ ʧʝʨʝʡʜʝʤʦ ʜʦ ʧʦʣʷʨʥʠʭ ʢʦʦʨʜʠʥʘʪ 

.sin   ,cos jrjr == zx   ʊʦʜʽ: 
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ʇʨʠʢʣʘʜ 5.  ɿʥʘʡʪʠ ʧʣʦʱʫ ʯʘʩʪʠʥʠ ʢʦʥʫʩʘ ,2 22 zxy +=  ʨʦʟʤʽʱʝʥʦʾ ʚʩʝʨʝʜʠʥʽ 

ʮʠʣʽʥʜʨʘ  .422 xzx =+  

 

ʈʦʟʚôʷʟʫʚʘʥʥʷ.  

ʆʩʢʽʣʴʢʠ ʧʦʚʝʨʭʥʶ ʟʘʜʘʥʦ ʨʽʚʥʷʥʥʷʤ ʚʠʜʫ ),,( zxyy=  

ʪʦ ʾʾ ʧʣʦʱʫ ʟʨʫʯʥʦ ʦʙʯʠʩʣʶʚʘʪʠ ʟʘ ʬʦʨʤʫʣʦʶ 

, ),(),(1
2  2  

ññ ¡+¡+=
D

zx dxdzzxyzxyP  

ʜʝ D ī ʧʨʦʝʢʮʽʷ ʜʘʥʦʾ ʧʦʚʝʨʭʥʽ ʥʘ ʧʣʦʱʠʥʫ  Oxz (ʨʠʩ. 

20). ʎʷ ʧʨʦʝʢʮʽʷ ʻ ʢʨʫʛ, ʦʙʤʝʞʝʥʠʡ ʢʦʣʦʤ xzx 422 =+  (

4)2( 22 =+- zx  ʧʽʩʣʷ ʚʠʜʽʣʝʥʥʷ ʧʦʚʥʦʛʦ ʢʚʘʜʨʘʪʘ). 

ʈʽʚʥʷʥʥʷ ʮʴʦʛʦ ʢʦʣʘ ʚ ʧʦʣʷʨʥʠʭ ʢʦʦʨʜʠʥʘʪʘʭ 

:sin   ,cos jr=jr= xz    

.sin4 j=r  

               ʫ 
                

                4                                                             

                                                                                         
              Q 

                        

                           222 zxy +=                                                     

     
 

 

                     0             z 

         4        D 

            ʭ         
  

 

ʈʠʩ. 20. 

ɿʥʘʡʜʝʤʦ  

.
2

     ,
2

2222 zx

z

z

y

zx

x

x

y

+
=

µ

µ

+
=

µ

µ
 

ʊʦʜʽ 

.542sin
2

1
54)2cos1(54

sin5855
44

1

00

0

2
sin2

00
22

2

22

2

pjjjj

jjrrj

pp

pjp

=ö
÷

õ
æ
ç

å
-=-=

====
+

+
+

+=

ñ

ñññññññ

d

ddddxdzdxdz
zx

z

zx

x
P

DD
 

 

ʄʝʭʘʥʽʢʘ. 

1. ʄʘʩʘ ʧʣʦʩʢʦʾ ʥʝʦʜʥʦʨʽʜʥʦʾ ʧʣʘʩʪʠʥʢʠ  D, ʛʫʩʪʠʥʘ ʷʢʦʾ :),( yxg=g  

.),(ññg=
D

dxdyyxm                                                       (10) 

2. ʉʪʘʪʠʯʥʽ ʤʦʤʝʥʪʠ ʥʝʦʜʥʦʨʽʜʥʦʾ ʧʣʘʩʪʠʥʢʠ  D, ʛʫʩʪʠʥʘ ʷʢʦʾ ),,( yxg=g  

ʚʽʜʥʦʩʥʦ ʢʦʦʨʜʠʥʘʪʥʠʭ ʦʩʝʡ ʆʭ ʪʘ ʆʫ: 

.),(        ,),(ññ ññg=g=
D D

yx dxdyyxxMdxdyyxyM                             (11) 
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3. ʂʦʦʨʜʠʥʘʪʠ ʮʝʥʪʨʘ ʤʘʩʠ ),( cc yx  ʥʝʦʜʥʦʨʽʜʥʦʾ ʧʣʘʩʪʠʥʢʠ  D, ʛʫʩʪʠʥʘ ʷʢʦʾ 

:),( yxg=g  

.),(
1

        ,),(
1

cññ ññ =g==g=
D D

xy

c
m

M
dxdyyxy

m
y

m

M
dxdyyxx

m
x                (12) 

ʗʢʱʦ ʧʣʘʩʪʠʥʢʘ ʦʜʥʦʨʽʜʥʘ , ʪʦ ʛʫʩʪʠʥʘ constyx =g ),( . ʊʦʜ ̔ 

,
1

        ,
1

cññ ññ==
D D

c ydxdy
S

yxdxdy
S

x                                       (13) 

ʜʝ S ī ʾʾ ʧʣʦʱʘ.  

4. ʄʦʤʝʥʪʠ ʽʥʝʨʮʽʾ ʥʝʦʜʥʦʨʽʜʥʦʾ ʧʣʘʩʪʠʥʢʠ  D, ʛʫʩʪʠʥʘ ʷʢʦʾ ),,( yxg=g  ʚʽʜʥʦʩʥʦ 

ʧʦʯʘʪʢʫ ʢʦʦʨʜʠʥʘʪ ʪʘ ʚʽʜʥʦʩʥʦ ʢʦʦʨʜʠʥʘʪʥʠʭ ʦʩʝʡ ʆʭ ʪʘ ʆʫ: 

ññ g+=
D

dxdyyxyxI  ,),()( 22

0                                             (14) 

.),(        ,),( 22

ññ ññg=g=
D D

yx dxdyyxxIdxdyyxyI                              (15) 

ʇʨʠ ʦʙʯʠʩʣʝʥʥʽ ʢʦʦʨʜʠʥʘʪ ʮʝʥʪʨʘ ʤʘʩʠ ʘʙʦ ʤʦʤʝʥʪʽʚ ʦʜʥʦʨʽʜʥʦʾ ʧʣʘʩʪʠʥʢʠ ʩʣʽʜ 

ʚʨʘʭʦʚʫʚʘʪʠ ʾʾ ʩʠʤʝʪʨʠʯʥʽʩʪʴ. ʊʘʢ, ʷʢʱʦ ʦʜʥʦʨʽʜʥʘ ʧʣʘʩʪʠʥʢʘ ʤʘʻ ʚʽʩʴ ʩʠʤʝʪʨʽʾ, ʪʦ 

ʮʝʥʪʨ ʤʘʩʠ ʟʥʘʭʦʜʠʪʴʩʷ ʥʘ ʮʽʡ ʦʩʽ; ʷʢʱʦ ʦʜʥʦʨʽʜʥʘ ʧʣʘʩʪʠʥʢʘ ʩʠʤʝʪʨʠʯʥʘ ʚʽʜʥʦʩʥʦ 

ʙʽʩʝʢʪʨʠʩʠ ʧʝʨʰʦʛʦ ʢʦʦʨʜʠʥʘʪʥʦʛʦ ʢʫʪʘ, ʪʦ ʾʾ ʤʦʤʝʥʪʠ ʚʽʜʥʦʩʥʦ ʦʩʝʡ ʨʽʚʥʽ ʽ .cyxc =  

 

ʇʨʠʢʣʘʜ 6.  ɿʥʘʡʪʠ ʤʘʩʫ ʤʘʪʝʨʽʘʣʴʥʦʾ ʧʣʘʩʪʠʥʢʠ, ʷʢʘ ʣʝʞʠʪʴ ʫ ʧʣʦʱʠʥʽ ʆʭʫ ʽ 

ʦʙʤʝʞʝʥʘ ʣʽʥʽʷʤʠ ,1   ,)1( 2 -=-= xyyx ʷʢʱʦ ʾʾ ʛʫʩʪʠʥʘ .y=g  

 ʈʦʟʚôʷʟʫʚʘʥʥʷ.  

ʉʢʦʨʠʩʪʘʻʤʦʩʴ ʬʦʨʤʫʣʦʶ (10). ʉʧʦʩʽʙ ʟʘʜʘʥʥʷ 

ʢʨʠʚʠʭ ʪʘ ʚʠʛʣʷʜ ʦʙʣʘʩʪʽ D (ʨʠʩ. 21) ʧʽʜʢʘʟʫʶʪʴ ʚʠʙʨʘʪʠ 

ʫ ʧʦʚʪʦʨʥʦʤʫ ʽʥʪʝʛʨʘʣʽ ʟʦʚʥʽʰʥʻ ʽʥʪʝʛʨʫʚʘʥʥʷ ʟʘ ʫ. 

ʆʪʞʝ, 
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ʈʠʩ. 21. 
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ʇʨʠʢʣʘʜ 7.  ɿʥʘʡʪʠ ʢʦʦʨʜʠʥʘʪʠ ʮʝʥʪʨʘ ʤʘʩʠ ʧʣʘʩʪʠʥʢʠ, ʷʢʘ ʣʝʞʠʪʴ ʫ ʧʣʦʱʠʥʽ 

ʆʭʫ ʽ ʦʙʤʝʞʝʥʘ ʣʽʥʽʷʤʠ ,2   ,2   , === xxyxy ʷʢʱʦ ʾʾ ʛʫʩʪʠʥʘ xy=g  (ʨʠʩ. 22). 

ʈʦʟʚôʷʟʫʚʘʥʥʷ.   ʉʢʦʨʠʩʪʘʻʤʦʩʴ ʬʦʨʤʫʣʘʤʠ (12).  ɿʥʘʡʜʝʤʦ ʩʧʦʯʘʪʢʫ ʤʘʩʫ 
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ʊʦʜʽ ʢʦʦʨʜʠʥʘʪʠ ʮʝʥʪʨʘ ʤʘʩʠ 
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       ʫ 
      

        4                              xy 2=  

                     

                      

                    D     xy=  

          

           
           0          2           ʭ  
 

ʈʠʩ. 22. 
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ʇʨʠʢʣʘʜ 8.  ɿʥʘʡʪʠ ʤʦʤʝʥʪʠ ʽʥʝʨʮʽʾ ʚʽʜʥʦʩʥʦ ʢʦʦʨʜʠʥʘʪʥʠʭ ʦʩʝʡ ʆʭ ʪʘ ʆʫ 

ʧʣʘʩʪʠʥʠ ʟ ʛʫʩʪʠʥʦʶ ,1=g  ʦʙʤʝʞʝʥʦʾ ʣʽʥʽʷʤʠ yxxyyxyx 2   ,2   ,2   ,1 ====  ʽ 

ʨʦʟʤʽʱʝʥʦʾ ʚ ʧʝʨʰʽʡ ʯʚʝʨʪʽ (ʨʠʩ. 23).   

ʈʦʟʚôʷʟʫʚʘʥʥʷ. ʆʩʢʽʣʴʢʠ ʧʣʘʩʪʠʥʘ ʦʜʥʦʨʽʜʥʘ, ʟ 

ʛʫʩʪʠʥʦʶ ,1=g  ʪʦ ʾʾ ʤʦʤʝʥʪʠ ʽʥʝʨʮʽʾ ʟʥʘʡʜʝʤʦ ʟʘ 

ʬʦʨʤʫʣʘʤʠ 

.        , 22

ññ ññ==
D D

yx dxdyxIdxdyyI  

ʑʦʙ ʢʦʞʝʥ ʟ ʮʠʭ ʽʥʪʝʛʨʘʣʽʚ ʟʚʝʩʪʠ ʜʦ ʧʦʚʪʦʨʥʦʛʦ, 

ʥʝʦʙʭʽʜʥʦ ʦʙʣʘʩʪʴ ʽʥʪʝʛʨʫʚʘʥʥʷ ʨʦʟʙʠʪʠ ʥʘ ʪʨʠ ʯʘʩʪʠʥʠ. 

ʎʴʦʛʦ ʤʦʞʥʘ ʫʥʠʢʥʫʪʠ, ʟʨʦʙʠʚʰʠ ʟʘʤʽʥʫ ʟʤʽʥʥʠʭ:  

.     ,             , uvy
u

v
xxyv

x

y
u ==Ý==  

  ʫ 
                                 xy 2=  

                                                              
             yx 2=  

            D                
                                  2=yx           

            1=yx                 

   0                                 ʭ  
 

ʈʠʩ.23. 

ʊʦʜʽ ʧʨʷʤʽ xy 2=  ʪʘ yx 2=  ʧʝʨʝʡʜʫʪʴ ʚʽʜʧʦʚʽʜʥʦ ʫ ʧʨʷʤʽ 2=u  ʪʘ ,5,0=u  ʘ 

ʛʽʧʝʨʙʦʣʠ 1=yx  ʪʘ 2=yx  ī ʚʽʜʧʦʚʽʜʥʦ ʫ ʧʨʷʤʽ 1=v  ʪʘ .2=v  

ʆʙʣʘʩʪʴ D   ʚʽʜʦʙʨʘʟʠʪʴʩʷ ʫ ʧʨʷʤʦʢʫʪʥʠʢ: 2.1    2,5,0 ¢¢¢¢ vu   
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ɿʥʘʡʜʝʤʦ ʷʢʦʙʽʘʥ ʧʝʨʝʪʚʦʨʝʥʥʷ:  
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ɿʘʚʜʘʥʥʷ ʜʣʷ ʩʘʤʦʩʪʽʡʥʦʾ ʨʦʙʦʪʠ 

 

1. ɿʤʽʥʠʪʠ ʧʦʨʷʜʦʢ ʽʥʪʝʛʨʫʚʘʥʥʷ ʚ ʧʦʚʪʦʨʥʦʤʫ ʽʥʪʝʛʨʘʣʽ: 

.),(    )          ),(     )
1

1

1

0

2

2

2

0 22

ññññ
-

---

==
y

y

x

xx

dxyxfdyIʙdyyxfdxIa  

2. ʆʙʯʠʩʣʠʪʠ ʧʦʜʚʽʡʥʽ ʽʥʪʝʛʨʘʣʠ: 

ʘ) ,)( 2

ññ+
D

dxdyyx  ʷʢʱʦ D  ʦʙʤʝʞʝʥʘ ʣʽʥʽʷʤʠ ;  , 2xyxy ==  

ʙ) ,)cos(ññ +
D

dxdyyxx  ʷʢʱʦ D  ʦʙʤʝʞʝʥʘ ʣʽʥʽʷʤʠ ;  ,0  , p=== xyxy  

ʚ) ,2

ññ
D

dxdyx  ʷʢʱʦ D  ʦʙʤʝʞʝʥʘ ʣʽʥʽʷʤʠ .2  ,
1

  , === x
x

yxy  

3. ʆʙʯʠʩʣʠʪʠ ʧʦʜʚʽʡʥʽ ʽʥʪʝʛʨʘʣʠ, ʚʠʢʦʨʠʩʪʦʚʫʶʯʠ ʚʽʜʧʦʚʽʜʥʫ ʟʘʤʽʥʫ: 

ʘ) ,)(ññ+
D

dxdyyx  ʜʝ D  ʦʙʤʝʞʝʥʘ ʣʽʥʽʷʤʠ ;2  ,1  ,32  ,12 =--=-=+=+ yxyxyxyx  

ʙ) ,)( 22

ññ+
D

dxdyyx  ʷʢɦʦ D  ʦʙʤʝʞʝʥʘ ʢʦʣʦʤ ;422 xyx =+  

ʚ) ,ññ
D

dxdy
x

y
arctg  ʷʢʱʦ D  ī ʯʘʩʪʠʥʘ ʢʽʣʴʮʷ, ʦʙʤʝʞʝʥʦʛʦ ʣʽʥʽʷʤʠ  

;3  ,
3

  ,9  ,1 2222 xy
x

yyxyx ===+=+  

ʛ) ,ññ
D

xdxdy  ʷʢʱʦ D  ʦʙʤʝʞʝʥʘ ʘʩʪʨʦʾʜʦʶ ;
3 23 23 2 ayx =+  
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    (ʚʢʘʟʽʚʢʘ: ʧʝʨʝʡʪʠ ʜʦ ʫʟʘʛʘʣʴʥʝʥʠʭ ʧʦʣʷʨʥʠʭ ʢʦʦʨʜʠʥʘʪ jr=jr=
3333

sin  ,cos ayax  ). 

4. ɿʥʘʡʪʠ ʧʣʦʱʫ ʬʽʛʫʨʠ, ʦʙʤʝʞʝʥʦʾ ʣʽʥʽʷʤʠ: 

ʘ)  ;44   ,2 2 +=-= xyxy  

ʙ)  ;)0  ,0(  ,2   ,   ,2   ,1 >>==== yxxyyxxyxy  

ʚ)  ;2   ,   ,0 22 xyxxyy =+==  

ʛ)  ;1   ,1   ,211 -===++- yxyx  

(ʚʢʘʟʽʚʢʘ: ʧʝʨʝʡʪʠ ʜʦ ʫʟʘʛʘʣʴʥʝʥʠʭ ʧʦʣʷʨʥʠʭ ʢʦʦʨʜʠʥʘʪ 

). sin21  , cos21
222  2
jr+-=jr+= ayax  

5. ɿʥʘʡʪʠ ʦʙôʻʤ ʪʽʣʘ, ʦʙʤʝʞʝʥʦʛʦ: 

ʘ)  ʧʣʦʱʠʥʘʤʠ 4  ,4  ,0  ,0  ,0 ===== xyzyx  ʽ ʧʘʨʘʙʦʣʦʾʜʦʤ ;1 22 yxz ++=  

ʙ)  ʧʘʨʘʙʦʣʦʾʜʦʤ 22 yxz +=  ʽ ʧʣʦʱʠʥʘʤʠ ;6  ,2  ,0  ,1 xyxyzy -====  

ʚ)  ʮʠʣʽʥʜʨʦʤ 422 =+yx  ʽ ʧʣʦʱʠʥʘʤʠ ;10  ,0 ++== yxzz  

6. ɿʥʘʡʪʠ ʧʣʦʱʫ ʯʘʩʪʠʥʠ ʧʣʦʱʠʥʠ ,12236 =++ zyx  ʱʦ ʨʦʟʤʽʱʝʥʘ ʫ ʧʝʨʰʦʤʫ  

ʦʢʪʘʥʪʽ. 

7. ɿʥʘʡʪʠ ʧʣʦʱʫ ʯʘʩʪʠʥʠ ʢʦʥʫʩʘ ,22 yxz +=  ʨʦʟʤʽʱʝʥʦʾ ʚʩʝʨʝʜʠʥʽ ʮʠʣʽʥʜʨʘ 

.422 xyx =+  

8. ɿʥʘʡʪʠ ʢʦʦʨʜʠʥʘʪʠ ʮʝʥʪʨʘ ʤʘʩʠ ʦʜʥʦʨʽʜʥʦʾ ʧʣʦʩʢʦʾ ʬʽʛʫʨʠ, ʦʙʤʝʞʝʥʦʾ ʣʽʥʽʷʤʠ 

.42   ,44 22 +-=+= xyxy  

9. ɿʥʘʡʪʠ ʢʦʦʨʜʠʥʘʪʠ ʮʝʥʪʨʘ ʤʘʩʠ ʧʣʘʩʪʠʥʢʠ, ʦʙʤʝʞʝʥʦʾ ʣʽʥʽʷʤʠ ,   , 22 xyxy ==  

ʷʢʱʦ ʾʾ ʛʫʩʪʠʥʘ .xy=g  

10. ɿʥʘʡʪʠ ʢʦʦʨʜʠʥʘʪʠ ʮʝʥʪʨʘ ʤʘʩʠ ʦʜʥʦʨʽʜʥʦʾ ʧʣʦʩʢʦʾ ʬʽʛʫʨʠ, ʦʙʤʝʞʝʥʦʾ 

ʢʘʨʜʽʦʾʜʦʶ ).cos1( j+=r a  

11. ɿʥʘʡʪʠ ʤʦʤʝʥʪ ʽʥʝʨʮʽʾ ʚʽʜʥʦʩʥʦ ʧʦʯʘʪʢʫ ʢʦʦʨʜʠʥʘʪ ʦʜʥʦʨʽʜʥʦʾ ʧʣʘʩʪʠʥʢʠ (1=g ),  

ʦʙʤʝʞʝʥʦʾ ʣʽʥʽʷʤʠ .2  ,2  ,2 ===+ xyyx  

12. ɿʥʘʡʪʠ ʤʦʤʝʥʪʠ ʽʥʝʨʮʽʾ ʚʽʜʥʦʩʥʦ ʧʦʯʘʪʢʫ ʢʦʦʨʜʠʥʘʪ ʪʘ ʦʩʝʡ ʢʦʦʨʜʠʥʘʪ 

ʧʣʘʩʪʠʥʢʠ ʟ ʛʫʩʪʠʥʦʶ ,2yx=g  ʷʢʱʦ ʚʦʥʘ ʦʙʤʝʞʝʥʘ ʣʽʥʽʷʤʠ .1  ,2 == yxy  

13. ɿʥʘʡʪʠ ʤʦʤʝʥʪ ʽʥʝʨʮʽʾ ʚʽʜʥʦʩʥʦ ʧʦʣʶʩʘ ʦʜʥʦʨʽʜʥʦʾ ʧʣʘʩʪʠʥʢʠ (1=g ),  ʦʙʤʝʞʝʥʦʾ 

ʢʘʨʜʽʦʾʜʦʶ ).cos1( j-=r a  
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2. ʇʦʪʨ̔ʡʥʠʡ ʽʥʪʝʛʨʘʣ 

2.1. ʆʟʥʘʯʝʥʥʷ, ʚʣʘʩʪʠʚʦʩʪʽ ʪʘ ʦʙʯʠʩʣʝʥʥʷ ʧʦʪʨ̔ʡʥʦʛʦ ʽʥʪʝʛʨʘʣʘ 

 

ʉʭʝʤʘ ʧʦʙʫʜʦʚʠ ʧʦʪʨʽʡʥʦʛʦ ʽʥʪʝʛʨʘʣʘ ʪʘʢʘ ʞ, ʷʢ ʽ ʜʣʷ ʧʦʜʚʽʡʥʦʛʦ. ʅʝʭʘʡ ʬʫʥʢʮʽʷ 

ʪʨʴʦʭ ʟʤʽʥʥʠʭ ),,( zyxfu=  ʚʠʟʥʘʯʝʥʘ ʚ ʟʘʤʢʥʝʥʽʡ ʦʙʤʝʞʝʥʽʡ ʦʙʣʘʩʪʽ .3
RËG  

ʈʦʟʽʙôʻʤʦ ʦʙʣʘʩʪʴ G  ʩʽʪʢʦʶ ʛʣʘʜʢʠʭ ʧʦʚʝʨʭʦʥʴ ʥʘ n  ʯʘʩʪʠʥ ,iG  ʷʢʽ ʥʝ ʤʘʶʪʴ 

ʩʧʽʣʴʥʠʭ ʚʥʫʪʨʽʰʥʽʭ ʪʦʯʦʢ ʽ ʦʙôʻʤʠ ʷʢʠʭ ʜʦʨʽʚʥʶʶʪʴ ). ,...,2 ,1(  nViD  ʇʦʟʥʘʯʠʤʦ 

ʯʝʨʝʟ l ʥʘʡʙʽʣʴʰʠʡ ʟ ʜʽʘʤʝʪʨʽʚ ʦʙʣʘʩʪʝʡ ).(max  :
1

i
ni

i GdG
¢¢

=l  

ʋ ʢʦʞʥʽʡ ʦʙʣʘʩʪʽ iG  ʚʠʙʝʨʝʤʦ ʜʦʚʽʣʴʥʫ ʪʦʯʢʫ ),,,( iiiiP zhx  ʦʙʯʠʩʣʠʤʦ ʟʥʘʯʝʥʥʷ 

ʬʫʥʢʮʽʾ ),,( zyxf  ʚ ʮʽʡ ʪʦʯʮʽ, ʧʦʤʥʦʞʠʤʦ ʡʦʛʦ ʥʘ ʦʙôʻʤ ʦʙʣʘʩʪʽ iG  ʽ ʫʪʚʦʨʠʤʦ ʩʫʤʫ 

.),,(
1

ä
=

DÖzhx=s
n

i
iiii Vf                                                 (1) 

ʉʫʤʫ (1) ʥʘʟʠʚʘʶʪʴ ʽʥʪʝʛʨʘʣʴʥʦʶ ʩʫʤʦʶ ʜʣʷ ʬʫʥʢʮʽʾ ),,( zyxfu=  ʧʦ ʦʙʣʘʩʪʽ .G  

ʆʟʥʘʯʝʥʥʷ. ʗʢʱʦ ʽʩʥʫʻ ʩʢʽʥʯʝʥʘ ʛʨʘʥʠʮʷ ʽʥʪʝʛʨʘʣʴʥʦʾ ʩʫʤʠ (1) ʧʨʠ 0l  ʪʘʢʘ, 

ʱʦ ʥʝ ʟʘʣʝʞʠʪʴ ʥʽ ʚʽʜ ʩʧʦʩʦʙʫ ʨʦʟʙʠʪʪʷ ʦʙʣʘʩʪʽ G  ʥʘ ʯʘʩʪʠʥʠ ,iG  ʥʽ ʚʽʜ ʚʠʙʦʨʫ 

ʪʦʯʦʢ iP  ʚ ʥʠʭ, ʪʦ ʪʘʢʘ ʛʨʘʥʠʮʷ ʥʘʟʠʚʘʻʪʴʩʷ ʧʦʪʨ̔ʡʥʠʤ ʽʥʪʝʛʨʘʣʦʤ ʬʫʥʢʮʽʾ ),,( zyxf  

ʚ ʦʙʣʘʩʪʽ G  ʽ ʧʦʟʥʘʯʘʻʪʴʩʷ 

ñññ
G

dvzyxf ),,(  ʘʙʦ ñññ
G

dxdydzzyxf .),,(  

ɺ ʮʴʦʤʫ ʚʠʧʘʜʢʫ ʬʫʥʢʮʽʷ ),,( zyxf  ʥʘʟʠʚʘʻʪʴʩʷ ʽʥʪʝʛʨʦʚʥʦʶ ʚ ʦʙʣʘʩʪʽ G , G  ī 

ʦʙʣʘʩʪ ʁʽʥʪʝʛʨʫʚʘʥʥʷ, zyx   ,  ,  ī ʟʤʽʥʥʠʤʠ ʽʥʪʝʛʨʫʚʘʥʥʷ, dv (dxdydz) ī ʝʣʝʤʝʥʪʦʤ 

ʧʣʦʱʽ. ʆʪʞʝ, ʟʘ ʦʟʥʘʯʝʥʥʷʤ 

ñññ ä
=

l
DÖzhx=

G

n

i
iiii Vfdxdydzzyxf .),,(lim),,(

1
0

                                (2) 

ʊʝʦʨʝʤʘ. ɼʦʚʽʣʴʥʘ ʥʝʧʝʨʝʨʚʥʘ ʚ ʟʘʤʢʥʝʥʽʡ ʦʙʤʝʞʝʥʽʡ ʦʙʣʘʩʪʽ ʬʫʥʢʮʽʷ ʽʥʪʝʛʨʦʚʥʘ 

ʚ ʮʽʡ ʦʙʣʘʩʪʽ. 

ɿʘʫʚʘʞʝʥʥʷ. ʅʘʜʘʣʽ ʙʫʜʝʤʦ ʤʘʪʠ ʩʧʨʘʚʫ ʣʠʰʝ ʟ ʥʝʧʝʨʝʨʚʥʠʤʠ ʬʫʥʢʮʽʷʤʠ, ʭʦʯʘ 

ʽʩʥʫʶʪʴ ʽ ʽʥʰʽ ʢʣʘʩʠ ʽʥʪʝʛʨʦʚʥʠʭ ʬʫʥʢʮʽʡ. 

ɺʩʽ ʚʣʘʩʪʠʚʦʩʪʽ ʧʦʜʚʽʡʥʠʭ ʽʥʪʝʛʨʘʣʽʚ ʩʧʨʘʚʝʜʣʠʚʽ ʽ ʜʣʷ ʧʦʪʨʽʡʥʠʭ ʽʥʪʝʛʨʘʣʽʚ, 

ʪʽʣɹʢʠ ʟʘʤʽʩʪʴ ʧʣʦʱʽ ʦʙʣʘʩʪʽ S ʪʫʪ ʚʠʢʦʨʠʩʪʦʚʫʻʪʴʩʷ ʦʙôʻʤ ʪʽʣʘ .V   
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1. ʗʢʱʦ 1),,( =zyxf  ʚ ʦʙʣʘʩʪʽ , G  ʪʦ ,Vdxdydz
G

=ñññ  ʜʝ V  ī ʦʙôʻʤ ʦʙʣʘʩʪʽ .G  

2. ʗʢʱʦ ʬʫʥʢʮʽʷ ),,( zyxf  ʚ ʦʙʣʘʩʪʽ G  ʤʘʻ ʥʘʡʤʝʥʰʝ m ʪʘ ʥʘʡʙʽʣʴʰʝ M  ʟʥʘʯʝʥʥʷ, 

ʪʦ ʩʧʨʘʚʝʜʣʠʚʘ ʦʮʽʥʢʘ ʽʥʪʝʛʨʘʣʘ ʧʦ ʦʙʣʘʩʪʽ:  .),,( VMdxdydzzyxfVm
G

Ö¢¢Ö ñññ  

3. (ʊʝʦʨʝʤʘ ʧʨʦ ʩʝʨʝʜʥʻ). ʗʢʱʦ ),,( zyxf  ʥʝʧʝʨʝʨʚʥʘ ʚ ʦʙʣʘʩʪʽ ,G  ʪʦ ʚ ʮʽʡ ʦʙʣʘʩʪʽ 

ʽʩʥʫʻ ʪʘʢʘ ʪʦʯʢʘ),,,( 000 zyx  ʱʦ .),,(),,( 000 Vzyxfdxdydzzyxf
G

Ö=ñññ  

ɺʝʣʠʯʠʥʫ ),,( 000 zyxf  ʥʘʟʠʚʘʶʪʴ ʩʝʨʝʜʥʽʤ ʟʥʘʯʝʥʥʷʤ ʬʫʥʢʮʽʾ ʚ ʦʙʣʘʩʪʽ .G  

ʆʙʯʠʩʣʝʥʥʷ ʧʦʪʨʽʡʥʠʭ ʽʥʪʝʛʨʘʣʽʚ ʟʚʦʜʠʪʴʩʷ ʜʦ ʦʙʯʠʩʣʝʥʥʷ ʧʦʜʚʽʡʥʠʭ, ʘ ʦʪʞʝ, 

ʦʙʯʠʩʣʝʥʥʷ ʧʦʚʪʦʨʥʠʭ ʽʥʪʝʛʨʘʣʽʚ. 

ʅʝʭʘʡ ʦʙʣʘʩʪʴ G  ʦʙʤʝʞʝʥʘ ʟʥʠʟʫ ʽ ʟʚʝʨʭʫ ʧʦʚʝʨʭʥʷʤʠ  ),(1 yxzz=  ʪʘ  

),,(2 yxzz=  

ʘ ʟ ʙʦʢʽʚ ʮʠʣʽʥʜʨʠʯʥʦʶ ʧʦʚʝʨʭʥʝʶ, ʪʚʽʨʥʽ ʷʢʦʾ 

ʧʘʨʘʣʝʣʴʥʽ ʦʩʽ  ʆz (ʨʠʩ. 24). ʇʦʟʥʘʯʠʤʦ 

ʧʨʦʝʢʮʽʶ ʦʙʣʘʩʪʽ G  ʥʘ ʧʣʦʱʠʥʫ ʆʭʫ  ʯʝʨʝʟ D  ʽ 

ʚʚʘʞʘʪʠʤʝʤʦ, ʱʦ ʬʫʥʢʮʽʾ  ),(1 yxz  ʪʘ ),(2 yxz  

ʥʝʧʝʨʝʨʚʥʽ ʚ .D  ʗʢɦʦ ʧʨʠ ʮʴʦʤʫ ʦʙʣʘʩʪʴ D  ʻ 

ʧʨʘʚʠʣʴʥʦʶ, ʪʦ ʦʙʣʘʩʪʴ G  ʥʘʟʠʚʘʻʪʴʩʷ 

ʧʨʘʚʠʣʴʥʦʶ ʫ ʥʘʧʨʷʤʽ ʦʩʽ ʆz. ʂʦʨʦʪʢʦ ʪʘʢʫ 

ʦʙʣʘʩʪʴ ʤʦʞʥʘ ʦʧʠʩʘʪʠ ʪʘʢ: 

)},(,(   ,),(:),,{( 21 ) yxzzyxzDyxzyxG ¢¢Í= . 

ʇʨʠʧʫʩʪʠʤʦ, ʱʦ ʢʦʞʥʘ ʧʨʷʤʘ, ʷʢʘ ʧʨʦʭʦʜʠʪʴ  

            z                                         
                                                                               

                                 zʚʠʭ ),(2 yxzz=                                                                                          

          
   

                  ),(1 yxzz=                                                                                             

                                    zʚʭ                                                                                                  
                  

                0                               ʫ                                                                                                                                                                              

          ʘ        )(1 xj               )(2 xj                                                      

     b                                                                

ʭ  
 

ʈʠʩ. 24. 

ʯʝʨʝʟ ʚʥʫʪʨʽʰʥʶ ʪʦʯʢʫ ʦʙʣʘʩʪʽ D  ʧʘʨʘʣʝʣʴʥʦ ʦʩʽ ʆz ʧʝʨʝʪʠʥʘʻ ʛʨʘʥʠʮʶ ʦʙʣʘʩʪʽ G  

ʫ ʜʚʦʭ ʪʦʯʢʘʭ ī ʚʭʦʜʫ zʚʭ= ),(1 yxz  ʪʘ ʚʠʭʦʜʫ zʚʠʭ= ),(2 yxz . 

ɼʣʷ ʙʫʜʴ ʷʢʦʾ ʥʝʧʝʨʝʨʚʥʦʾ ʚ ʦʙʣʘʩʪʽ G  ʬʫʥʢʮʽʾ ),,( zyxf  ʤʘʻ ʤʽʩʮʝ ʬʦʨʤʫʣʘ 

.),,(),,(
),(

),(

2

1

ññññññ =
yxz

yxzDG

dzzyxfdxdydxdydzzyxf                                  (2) 

ɿʤʽʩʪ ʬʦʨʤʫʣʠ (2) ʪʘʢʠʡ: ʱʦʙ ʦʙʯʠʩʣʠʪʠ ʧʦʪʨʽʡʥʠʡ ʽʥʪʝʛʨʘʣ, ʩʧʦʯʘʪʢʫ 

ʦʙʯʠʩʣʶʶʪʴ ʽʥʪʝʛʨʘʣ ),(),,(
),(

),(

2

1

yxIdzzyxf
yxz

yxz

=ñ  ʟʘ ʟʤʽʥʥʦʶ z, ʚʚʘʞʘʶʯʠ ʭ ʪʘ ʫ ʩʪʘʣʠʤʠ. 
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ʅʠʞʥʴʦʶ ʤʝʞʝʶ ʽʥʪʝʛʨʘʣʘ ʻ ʘʧʣʽʢʘʪʘ ʪʦʯʢʠ ʚʭʦʜʫ ʚ ʦʙʣʘʩʪʴ G, ʘ ʚʝʨʭʥʴʦʶ ī 

ʘʧʣʽʢʘʪʘ ʪʦʯʢʠ ʚʠʭʦʜʫ. ɺʥʘʩʣʽʜʦʢ ʽʥʪʝʛʨʫʚʘʥʥʷ ʜʽʩʪʘʥʝʤʦ ʬʫʥʢʮʽʶ ),( yxI  ʚʽʜ 

ʟʤʽʥʥʠʭ ʭ ʪʘ ʫ. 

ʇʦʜʚʽʡʥʠʡ ʽʥʪʝʛʨʘʣ ʚʽʜ ʮʽʻʾ ʬʫʥʢʮʽʾ ññ
D

dxdyyxI ),(  ʦʙʯʠʩʣʶʻʪʴʩʷ  ʟʘ ʜʦʧʦʤʦʛʦʶ 

ʧʦʚʪʦʨʥʠʭ ʽʥʪʝʛʨʘʣʽʚ ʟʘʣʝʞʥʦ ʚʽʜ ʚʠʜʫ ʦʙʣʘʩʪʽ .D  ʗʢʱʦ ʦʙʣʘʩʪʴ D  ʧʨʘʚʠʣʴʥʘ ʫ 

ʥʘʧʨʷʤʽ ʦʩʽ ʆʫ ʽ )},()(  ,:),{( 21 xyxbxayxD j¢¢j¢¢=  ʪʦ ʬʦʨʤʫʣʘ (2) ʥʘʙʫʚʘʻ 

ʚʠʛʣʷʜʫ: 

.),,(),,(
),(

),(

)(

)(

2

1

2

1

ññññññ
j

j

=
yxz

yxz

x

x

b

aG

dzzyxfdydxdxdydzzyxf                                (3) 

ʗʢʱʦ ʦʙʣʘʩʪʴ  )},()(  ,:),{( 21 yxydycyxD y¢¢y¢¢=  ʪʦ 

.),,(),,(
),(

),(

)(

)(

2

1

2

1

ññññññ
y

y

=
yxz

yxz

y

y

d

cG

dzzyxfdxdydxdydzzyxf                                (4) 

ʊʘʢʠʤ ʯʠʥʦʤ, ʦʙʯʠʩʣʝʥʥʷ ʧʦʪʨʽʡʥʠʭ ʽʥʪʝʛʨʘʣʽʚ ʟʚʦʜʠʪʴʩʷ ʜʦ ʧʦʩʣʽʜʦʚʥʦʛʦ 

ʦʙʯʠʩʣʝʥʥʷ ʪʨʴʦʭ ʚʠʟʥʘʯʝʥʠʭ ʽʥʪʝʛʨʘʣʽʚ. ʇʨʠ ʮʴʦʤʫ ʨʦʟʩʪʘʥʦʚʢʫ ʤʝʞ ʽʥʪʝʛʨʫʚʘʥʥʷ 

ʨʝʢʦʤʝʥʜʫʻʪʴʩʷ ʧʨʦʚʦʜʠʪʠ ʥʘʩʪʫʧʥʠʤ ʯʠʥʦʤ: 

1. ɿʦʙʨʘʟʠʪʠ ʧʦʚʝʨʭʥʽ, ʱʦ ʦʙʤʝʞʫʶʪʴ ʪʽʣʦ G  ʫ ʧʨʦʩʪʦʨʽ .3
R  

2. ʉʧʨʦʝʢʪʫʚʘʪʠ ʪʽʣʦ G  ʥʘ ʧʣʦʱʠʥʫ ʆʭʫ.  ʅʝʭʘʡ ʧʨʦʝʢʮʽʷ ī ʦʙʣʘʩʪʴ.D  

3. ɺ ʦʙʣʘʩʪʽ D  ʟʘʬʽʢʩʫʚʘʪʠ ʜʦʚʽʣʴʥʫ ʪʦʯʢʫ (ʭ,ʫ), ʯʝʨʝʟ ʷʢʫ ʧʨʦʚʝʩʪʠ ʧʨʷʤʫ, 

ʧʘʨʘʣʝʣʴʥʫ ʦʩʽ ʆz, ʽ ʚʽʜʟʥʘʯʠʪʠ ʫ ʥʘʧʨʷʤʽ ʮʽʻʾ ʦʩʽ ʪʦʯʢʠ ʚʭʦʜʫ ʚ ʦʙʣʘʩʪʴ ʪʘ ʚʠʭʦʜʫ. 

ɿʥʘʯʝʥʥʷ ʘʧʣʽʢʘʪʠ z (zʚʭ= ),(1 yxz  ʪʘ  zʚʠʭ= ),(2 yxz ) ʚ ʮʠʭ ʪʦʯʢʘʭ ʻ ʚʽʜʧʦʚʽʜʥʦ ʥʠʞʥʴʦʶ 

ʪʘ ʚʝʨʭʥʴʦʶ ʤʝʞʘʤʠ ʚʥʫʪʨʽʰʥʴʦʛʦ ʽʥʪʝʛʨʘʣʘ ʟʘ ʟʤʽʥʥʦʶ z. 

4. ʈʦʟʩʪʘʚʠʪʠ ʤʝʞʽ ʫ ʧʦʜʚʽʡʥʦʤʫ ʽʥʪʝʛʨʘʣʽ ʧʦ ʦʙʣʘʩʪʽ D  ʟʘ ʬʦʨʤʫʣʘʤʠ (3) ʘʙʦ (4). 

ɿʘʫʚʘʞʝʥʥʷ. ʗʢʱʦ ʧʨʦʩʪʦʨʦʚʠʡ ʤʘʣʶʥʦʢ ʚʠʢʦʥʘʪʠ ʚʘʞʢʦ, ʪʦ ʤʦʞʥʘ ʟʦʙʨʘʟʠʪʠ 

ʣʠʰʝ ʧʨʦʝʢʮʽʶ D  ʪʽʣʘ G   ʥʘ ʧʣʦʱʠʥʫ ʆʭʫ ʽ ʧʨʦʘʥʘʣʽʟʫʚʘʪʠ ʟʤʽʥʫ z ʧʨʠ ʬʽʢʩʦʚʘʥʠʭ 

ʭ ʪʘ ʫ. 

ʇʦʨʷʜʦʢ ʽʥʪʝʛʨʫʚʘʥʥʷ ʤʦʞʝ ʙʫʪʠ ʽʥʰʠʤ, ʟʘʣʝʞʥʦ ʚʽʜ ʚʠʜʫ ʦʙʣʘʩʪʽ .G  ʅʘʧʨʠʢʣʘʜ, 

ʷʢʱʦ ʦʙʣʘʩʪʴ G  ʧʨʘʚʠʣʴʥʘ ʫ ʥʘʧʨʷʤʽ ʦʩʽ ʆʭ ʽ yzD  ī ʾʾ ʧʨʦʝʢʮʽʷ ʥʘ ʧʣʦʱʠʥʫ ʆʫz (

)},(),(  ,),(:),,{( 21 zyxxzyxDzyzyxG yz ¢¢Í= ), ʪʦ ʩʧʨʘʚʝʜʣʠʚʘ ʬʦʨʤʫʣʘ ʜʣʷ 

ʦʙʯʠʩʣʝʥʥʷ ʧʦʪʨʽʡʥʦʛʦ ʽʥʪʝʛʨʘʣʘ: 
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.),,(),,(
),(

),(

2

1

ññññññ =
zyx

zyxDG

dxzyxfdydzdxdydzzyxf
yz

                                 (5) 

ʗʢʱʦ  )},(),(  ,),(:),,{( 21 zxyyzxyDzxzyxG xz ¢¢Í= , ʪʦ 

.),,(),,(
),(

),(

2

1

ññññññ =
zxy

zxyDG

dyzyxfdxdzdxdydzzyxf
xz

                                 (6) 

ɼʘʣʽ ʧʦʜʚʽʡʥʽ ʽʥʪʝʛʨʘʣʠ ʫ ʮʠʭ ʬʦʨʤʫʣʘʭ ʟʚʦʜʷʪʴʩʷ ʜʦ ʧʦʚʪʦʨʥʠʭ, ʟʘʣʝʞʥʦ ʚʽʜ 

ʚʠʛʣʷʜʫ ʧʨʦʝʢʮʽʾ ʦʙʣʘʩʪʽ G  ʥʘ ʚʽʜʧʦʚʽʜʥʫ ʧʣʦʱʠʥʫ ʟʘ ʚʽʜʦʤʠʤʠ ʧʨʘʚʠʣʘʤʠ. 

ʗʢʱʦ ʦʙʣʘʩʪʶ ʽʥʪʝʛʨʫʚʘʥʥʷ ʻ ʧʘʨʘʣʝʣʝʧʽʧʝʜ },  ,  ,:),,{( lzkdycbxazyxG ¢¢¢¢¢¢=  

ʪʦ 

.),,(),,( ññññññ =
l

k

d

c

b

aG

dzzyxfdydxdxdydzzyxf                                   (7) 

ʋ ʮʴʦʤʫ ʨʘʟʽ ʽʥʪʝʛʨʫʚʘʥʥʷ ʤʦʞʥʘ ʚʠʢʦʥʫʚʘʪʠ ʫ ʙʫʜʴ-ʷʢʦʤʫ ʧʦʨʷʜʢʫ. 

 

ʇʨʠʢʣʘʜ 1.  ʆʙʯʠʩʣʠʪʠ ʧʦʪʨʽʡʥʠʡ ʽʥʪʝʛʨʘʣ ñññ++
G

dxdydzzyx )(  ʧʦ ʦʙʣʘʩʪʽ 

ʦʙʤʝʞʝʥʽʡ ʧʣʦʱʠʥʘʤʠ  .0   ,0   ,0   ,1   ,1   ,1 ====== zyxzyx   

ʈʦʟʚôʷʟʫʚʘʥʥʷ.   

ʆʩʢʽʣʴʢʠ ʦʙʣʘʩʪʴ G  ī  ʧʘʨʘʣʝʣʝʧʽʧʝʜ, ʪʦ ʟʘ ʬʦʨʤʫʣʦʶ (7) ʤʘʻʤʦ 

.
2

3
)1(

222

1
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1

0

1

0
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0
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0

1

0

1

0
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1
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÷
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÷

õ
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ç
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++=

=öö
÷

õ
ææ
ç

å
++=++=++

ññññ

ññññññññ

dxx
yy

xydxdyyxdx

z
yzxzdydxdzzyxdydxdxdydzzyx

G

 

 

ʇʨʠʢʣʘʜ 2.  ʆʙʯʠʩʣʠʪʠ ʧʦʪʨʽʡʥʠʡ ʽʥʪʝʛʨʘʣ ñññ
G

zdxdydz 

ʚ ʦʙʣʘʩʪʽ ʦʙʤʝʞʝʥʽʡ ʧʣʦʱʠʥʘʤʠ  ,0   ,1 ==++ xzyx  

.0   ,0 == zy  

ʈʦʟʚôʷʟʫʚʘʥʥʷ.  

ʆʙʣʘʩʪʴ G  ʧʨʦʝʢʪʫʻʪʴʩʷ  ʥʘ ʧʣʦʱʠʥʫ ʆʭʫ ʚ ʪʨʠʢʫʪʥʠʢ 

}10  ,10:),{( xyxyxD -¢¢¢¢=  (ʨʠʩ. 25).  

ʂʦʞʥʘ  ʧʨʷʤʘ,  ʧʨʦʚʝʜʝʥʘ   ʯʝʨʝʟ  ʪʦʯʢʫ  (ʭ, ʫ) ʪʨʠʢʫʪʥʠʢʘ 

           z           
  

           1                                                         
 

                            1=++ zyx  

   
            0 
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D ʧʘʨʘʣʝʣʴʥʦ ʜʦ ʦʩʽ Oz, ʚʭʦʜʠʪʴ ʚ ʦʙʣʘʩʪʴ G  ʚ ʪʦʯʢʘʭ ʧʣʦʱʠʥʠ ,0=z  ʘ ʚʠʭʦʜʠʪʴ ʚ 

ʪʦʯʢʘʭ ʧʣʦʱʠʥʠ.1 yxz --=  ɿʘ ʬʦʨʤʫʣʦʶ (2) ʤʘʻʤʦ 
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ʇʨʠʢʣʘʜ 3.  ʆʙʯʠʩʣʠʪʠ ʧʦʪʨʽʡʥʠʡ ʽʥʪʝʛʨʘʣ ,ñññ
G

dxdydzzxy  ʷʢʱʦ ʦʙʣʘʩʪʴ G   

ʦʙʤʝʞʝʥʘ ʧʦʚʝʨʭʥʷʤʠ  .0   ,1   ,y   ,2 ==== zyzxy   

ʈʦʟʚôʷʟʫʚʘʥʥʷ.  

ʇʨʦʝʢʮʽʷ ʦʙʣʘʩʪʽ G  ʥʘ ʧʣʦʱʠʥʫ ʆʭʫ ī ʦʙʣʘʩʪʴ 

}1  ,11:),{( 2 ¢¢¢¢-= yxxyxD  (ʨʠʩ. 26). 

ɼʦʚʽʣʴʥʘ  ʧʨʷʤʘ,  ʧʘʨʘʣʝʣʴʥʘ ʜʦ ʦʩʽ Oz, ʚʭʦʜʠʪʴ ʚ 

ʦʙʣʘʩʪʴ G  ʚ ʪʦʯʢʘʭ ʧʣʦʱʠʥʠ ,0=z  ʘ ʚʠʭʦʜʠʪʴ ʚ ʪʦʯʢʘʭ 

ʧʣʦʱʠʥʠ. yz=   

ɿʘ ʬʦʨʤʫʣʦʶ (2) ʤʘʻʤʦ 

           z                         ʫ 
                

                                                                    
 

                                                       1                       

   

                                   
2

xy=  
ī1            0            1        ʭ 
    

 

ʈʠʩ. 26. 
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ʇʨʠʢʣʘʜ 4.  ʆʙʯʠʩʣʠʪʠ ,)2(ñññ+
G

dxdydzyx  ʷʢʱʦ 

ʦʙʣʘʩʪʴ  G   ʦʙʤʝʞʝʥʘ  ʧʦʚʝʨʭʥʷʤʠ   ,0   ,1   , === yxxy  

.1   ,1 22 yxzz ++==  

ʈʦʟʚôʷʟʫʚʘʥʥʷ.  

ʆʙʣʘʩʪʴ G  ʧʨʦʝʢʪʫʻʪʴʩʷ ʥʘ ʧʣʦʱʠʥʫ ʆʭʫ ʚ ʦʙʣʘʩʪʴ 

}0  ,10:),{( xyxyxD ¢¢¢¢=  (ʨʠʩ. 27). 

ɼʦʚʽʣʴʥʘ  ʧʨʷʤʘ,  ʧʨʦʚʝʜʝʥʘ  ʯʝʨʝʟ ʚʥʫʪʨʽʰʥʶ ʪʦʯʢʫ  

               z             
                

              

 

                           
                          221 yxz ++=  
                                    

                1 

    
                 0                     ʫ 

             1           xy=  
        ʭ 
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ʪʨʠʢʫʪʥʠʢʘ D ʧʘʨʘʣʝʣʴʥʦ ʜʦ ʦʩʽ Oz, ʚʭʦʜʠʪʴ ʚ ʦʙʣʘʩʪʴ G  ʚ ʪʦʯʢʘʭ ʧʣʦʱʠʥʠ ,1=z  ʘ 

ʚʠʭʦʜʠʪʴ  ʚ ʪʦʯʢʘʭ ʧʘʨʘʙʦʣʦʾʜʘ.1 22 yxz ++=   

ʆʪʞʝ,  
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4

0

223
4

3
1

00

2233
1

0

0

22
1

0

1

10

1

0

22

==ö
ö
÷

õ
æ
æ
ç

å
+++=+++=

=++=+=+

ññññ

ññññññññ
++

dxxxyxy
y

yxdxdyyxxyyxdx

dyyxyxdxdzyxdydxdxdydzyx

x
x

xyxx

G

 

 

2.2. ɿʘʤʽʥʘ ʟʤʽʥʥʠʭ ʫ ʧʦʪʨʽʡʥʦʤʫ ʽʥʪʝʛʨʘʣʽ 

 

ʗʢʱʦ ʦʙʤʝʞʝʥʘ ʟʘʤʢʥʝʥʘ ʦʙʣʘʩʪʴ G  ʚʟʘʻʤʥʦ ʦʜʥʦʟʥʘʯʥʦ ʚʽʜʦʙʨʘʞʘʻʪʴʩʷ ʥʘ 

ʦʙʣʘʩʪʴ *G  ʟʘ ʜʦʧʦʤʦʛʦʶ ʥʝʧʝʨʝʨʚʥʦ-ʜʠʬʝʨʝʥʮʽʡʦʚʥʠʭ ʬʫʥʢʮʽʡ  

),,,(  ),,,(  ),,,( wvuzzwvuyywvuxx ===  ʷʢʦʙʽʘʥ ),,( wvuJ  ʚ ʦʙʣʘʩʪʽ *G  ʥʝ ʜʦʨʽʚʥʶʻ 

ʥʫʣʶ: 

,0),,( ¸

¡¡¡

¡¡¡

¡¡¡

=

wvu

wvu

wvu

zzz

yyy

xxx

wvuJ  

ʘ ʬʫʥʢʮʽʷ ),,( zyxf  ʥʝʧʝʨʝʨʚʥʘ ʚ ,G  ʪʦ ʩʧʨʘʚʝʜʣʠʚʘ ʬʦʨʤʫʣʘ ʟʘʤʽʥʠ ʟʤʽʥʥʠʭ ʫ 

ʧʦʪʨʽʡʥʦʤʫ ʽʥʪʝʛʨʘʣʽ: 

.),,()),,( ),,,(),,,((),,( ññññññ
*

=
GG

dudvdwwvuJwvuzwvuywvuxfdxdydzzyxf        (8) 

ʅʘ ʧʨʘʢʪʠʮʽ ʥʘʡʫʞʠʚʘʥʽʰʠʤʠ ʻ ʮʠʣʽʥʜʨʠʯʥʽ ʪʘ ʩʬʝʨʠʯʥʽ ʢʦʦʨʜʠʥʘʪʠ. 

ʇʨʠ ʧʝʨʝʭʦʜʽ ʜʦ ʮʠʣʽʥʜʨʠʯʥʠʭ ʢʦʦʨʜʠʥʘʪ z  ,  , jr  

(ʨʠʩ. 28) ʤʘʻʤʦ: 

.   ,20  ,0

,   ,sin   ,cos

+¤¢¢¤-p¢j¢+¤¢r¢

=jr=jr=

z

zzyx
 

ʗʢʦʙʽʘʥ ʮʴʦʛʦ ʧʝʨʝʪʚʦʨʝʥʥʷ .),,( r-=jr zJ   ʊʦʜʽ ʬʦʨʤʫʣʘ 

(8) ʥʘʙʫʚʘʻ ʚʠʛʣʷʜʫ 

.),sin ,cos(),,(    ññññññ
*

jrrjrjr=
GG

dzddzfdxdydzzyxf   

            z           

  

               z 

                             

                            ),,( zyxM  
    

               0       z        ʫ        ʫ    
      

         ʭ    j   r 

   

      ʭ               
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ʈʦʟʩʪʘʥʦʚʢʫ ʤʝʞ ʽʥʪʝʛʨʫʚʘʥʥʷ ʚ ʮʠʣʽʥʜʨʠʯʥʠʭ ʢʦʦʨʜʠʥʘʪʘʭ ʤʦʞʥʘ ʚʠʢʦʥʘʪʠ, ʥʝ 

ʟʦʙʨʘʞʘʶʯʠ ,*G  ʘ ʘʥʘʣʽʟʫʶʯʠ ʟʤʽʥʫ ʮʠʣʽʥʜʨʠʯʥʠʭ ʢʦʦʨʜʠʥʘʪ ʚ .G  ɼʣʷ r ʪʘ j 

ʟʘʣʠʰʘʶʪʴʩʷ ʩʧʨʘʚʝʜʣʠʚʠʤʠ ʚʩʽ ʧʦʨʘʜʠ ʧʦʧʝʨʝʜʥʴʦʛʦ ʨʦʟʜʽʣʫ, ʦʩʢʽʣʴʢʠ ʮʝ ʧʦʣʷʨʥʽ 

ʢʦʦʨʜʠʥʘʪʠ ʧʨʦʝʢʮʽʾ ʪʦʯʢʠ ʥʘ ʧʣʦʱʠʥʫ ʆʭʫ. ɿʤʽʥʫ ʢʦʦʨʜʠʥʘʪʠ z ʘʥʘʣʽʟʫʶʪʴ, 

ʧʨʦʚʽʚʰʠ ʯʝʨʝʟ ʪʦʯʢʫ ),( jr  ʧʨʷʤʫ ʧʘʨʘʣʝʣʴʥʫ ʜʦ ʦʩʽ ,Oz  ʪʘ ʚʽʜʤʽʪʠʚʰʠ ʪʦʯʢʠ ʚʭʦʜʫ 

ʮʽʻʾ ʧʨʷʤʦʾ ʚ ʦʙʣʘʩʪʴ G  ʪʘ ʚʠʭʦʜʫ ʟ ʥʝʾ. 

ʇʨʠ ʧʝʨʝʭʦʜʽ ʜʦ ʩʬʝʨʠʯʥʠʭ ʢʦʦʨʜʠʥʘʪ qjr   ,  ,  (ʨʠʩ. 

29) ʤʘʻʤʦ: 

.0   ,20  ,0

,cos   ,sinsin   ,sincos

p¢q¢p¢j¢+¤¢r¢

qr=qjr=qjr= zyx
 

ʗʢʦʙʽʘʥ ʮʴʦʛʦ ʧʝʨʝʪʚʦʨʝʥʥʷ .sin),,( 2 qr=qjrJ  ʌʦʨʤʫʣʘ 

(8) ʥʘʙʫʚʘʻ ʚʠʛʣʷʜʫ 

.sin)cos,sinsin,sincos(

),,(

   
2

ñññ

ñññ

*

qjrqrqrqjrqjr=

=

G

G

dddf

dxdydzzyxf
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             0                   ʫ          ʫ 
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ʈʦʟʩʪʘʥʦʚʢʫ ʤʝʞ ʽʥʪʝʛʨʫʚʘʥʥʷ ʚ ʩʬʝʨʠʯʥʠʭ ʢʦʦʨʜʠʥʘʪʘʭ ʪʘʢʦʞ ʚʠʢʦʥʫʶʪʴ, 

ʘʥʘʣʽʟʫʶʯʠ ʟʤʽʥʫ ʩʬʝʨʠʯʥʠʭ ʢʦʦʨʜʠʥʘʪ ʚ ʦʙʣʘʩʪʽ .G  ʅʘʡʯʘʩʪʽʰʝ ʟʫʩʪʨʽʯʘʶʪʴʩʷ 

ʦʙʣʘʩʪʽ, ʜʣʷ ʷʢʠʭ ʩʪʘʣʽ ʤʝʞʽ ʟʤʽʥʠ ʢʦʦʨʜʠʥʘʪ j ʪʘ q ʤʦʞʥʘ  ʦʮʽʥʠʪʠ ʧʦ ʚʠʛʣʷʜʫ 

ʦʙʣʘʩʪʽ .G  ɼʘʣʽ ʧʨʦʚʦʜʷʪʴ ʜʦʚʽʣʴʥʠʡ ʧʨʦʤʽʥʴ constconst =q=j   ,  ʯʝʨʝʟ ʧʦʯʘʪʦʢ 

ʢʦʦʨʜʠʥʘʪ ʽ ʚʽʜʤʽʯʘʶʪʴ ʢʦʦʨʜʠʥʘʪʫ r ʪʦʯʦʢ ʚʭʦʜʫ ʚ ʦʙʣʘʩʪʴ ʪʘ ʚʠʭʦʜʫ ʟ ʥʝʾ. 

 
 

ʇʨʠʢʣʘʜ 1.  ʆʙʯʠʩʣʠʪʠ ,22

ñññ+
G

dxdydzyxz  ʷʢʱʦ 

ʦʙʣʘʩʪʴ G   ʦʙʤʝʞʝʥʘ ʧʣʦʱʠʥʘʤʠ  2   ,0   ,0 === zzy   ʽ  

ʮʠʣʽʥʜʨʦʤ  .222 xyx =+  

ʈʦʟʚôʷʟʫʚʘʥʥʷ. 

ɺʚʝʜʝʤʦ ʮʠʣʽʥʜʨʠʯʥʽ ʢʦʦʨʜʠʥʘʪʠ  

. ,sin ,cos zzyx =jr=jr=  

ʈʽʚʥʷʥʥʷ ʢʦʣʘ ,222 xyx =+  ʷʢʝ ʣʝʞʠʪʴ ʚ ʦʩʥʦʚʽ 

ʮʠʣʽʥʜʨʘ, ʚ ʮʠʣʽʥʜʨʠʯʥʠʭ ʢʦʦʨʜʠʥʘʪʘʭ ʤʘʻ ʚʠʛʣʷʜ 
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.cos2 j=r   

ʆʪʞʝ, ʚ ʦʙʣʘʩʪʽ *G  (ʨʠʩ. 30) ʩʧʨʘʚʝʜʣʠʚʽ ʥʝʨʽʚʥʦʩʪʽ: 
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ʇʨʠʢʣʘʜ 2.  ʆʙʯʠʩʣʠʪʠ ,22

ñññ+
G

dxdydzyx  ʷʢʱʦ ʦʙʣʘʩʪʴ G  ʦʙʤʝʞʝʥʘ 

ʧʦʚʝʨʭʥʷʤʠ  .2  ,1  ,4 2222 yxzzyx ++===+   

ʈʦʟʚôʷʟʫʚʘʥʥʷ. 

ʌʦʨʤʘ ʦʙʣʘʩʪʽ ʪʘ ʚʠʛʣʷʜ ʧʽʜʽʥʪʝʛʨʘʣʴʥʦʾ ʬʫʥʢʮʽʾ ʧʽʜʢʘʟʫʶʪʴ, ʱʦ ʚʘʨʪʦ ʚʚʝʩʪʠ  

ʮʠʣʽʥʜʨʠʯʥʽ ʢʦʦʨʜʠʥʘʪʠ  . ,sin ,cos zzyx =jr=jr=  
 

ʊʦʜʽ ʨʽʚʥʷʥʥʷ ʮʠʣʽʥʜʨʘ 422 =+yx  ʤʘʻ ʚʠʛʣʷʜ ,2=r  

ʘ ʨʽʚʥʷʥʥʷ ʧʘʨʘʙʦʣʦʾʜʘ 222 yxz ++=  ʙʫʜʝ .2 2r+=z  

ʆʪʞʝ, ʚ ʦʙʣʘʩʪʽ *G  (ʨʠʩ. 31) ʩʧʨʘʚʝʜʣʠʚʽ ʥʝʨʽʚʥʦʩʪʽ: 
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ʇʨʠʢʣʘʜ 3. ʆʙʯʠʩʣʠʪʠ ,222

ñññ ++
G

dxdydzzyx  ʜʝ ʦʙʣʘʩʪʴ G  ī ʢʫʣʷ 

.1222 =++ zyx   

ʈʦʟʚôʷʟʫʚʘʥʥʷ. 

ʇʝʨʝʡʜʝʤʦ ʜʦ ʩʬʝʨʠʯʥʠʭ ʢʦʦʨʜʠʥʘʪ  

.cos   ,sinsin   ,sincos qr=qjr=qjr= zyx  

ʆʩʢʽʣʴʢʠ ʧʽʜʽʥʪʝʛʨʘʣʴʥʘ ʬʫʥʢʮʽʷ r=++ 222 zyx  ʽ ʚ ʦʙʣʘʩʪʽ *G  ʚʠʢʦʥʫʶʪʴʩʷ 

ʥʝʨʽʚʥʦʩʪʽ ,0   ,20  ,10 p¢q¢p¢j¢¢r¢  ʪʦ 
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2.3. ɿʘʩʪʦʩʫʚʘʥʥʷ ʧʦʪʨʽʡʥʠʭ ʽʥʪʝʛʨʘʣʽʚ ʚ ʟʘʜʘʯʘʭ ʛʝʦʤʝʪʨʽʾ ʪʘ ʤʝʭʘʥʽʢʠ 

 

ɻʝʦʤʝʪʨʽʷ. 

1. ʆʙôʻʤ ʟʘʤʢʥʝʥʦʾ ʦʙʤʝʞʝʥʦʾ ʦʙʣʘʩʪʽ :G  

. ñññ=
G

dxdydzV                                                     (11) 

ʇʨʠʢʣʘʜ 1. ɿʥʘʡʪʠ ʦʙôʻʤ ʪʽʣʘ, ʦʙʤʝʞʝʥʦʛʦ ʧʦʚʝʨʭʥʷʤʠ ,0  ,0  ,0 === zyx   

.2   ,2 22 yxzyx +==+   

ʈʦʟʚôʷʟʫʚʘʥʥʷ. 

ɼʘʥʝ ʪʽʣʦ ʦʙʤʝʞʝʥʝ ʢʦʦʨʜʠʥʘʪʥʠʤʠ ʧʣʦʱʠʥʘʤʠ,   

ʧʣʦʱʠʥʦʶ 2 =+yx  ʪʘ ʧʘʨʘʙʦʣʦʾʜʦʤ ʦʙʝʨʪʘʥʥʷ 
2

22 yx
z

+
=  

(ʨʠʩ. 32).  ʆʙôʻʤ ʪʽʣʘ ʟʥʘʭʦʜʠʤʦ ʟʘ ʬʦʨʤʫʣʦʶ (11):  
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ʇʨʠʢʣʘʜ 2. ɿʥʘʡʪʠ ʦʙôʻʤ ʪʽʣʘ, ʦʙʤʝʞʝʥʦʛʦ ʧʦʚʝʨʭʥʷʤʠ   .2   ,2 22 yxzz +==   

ʈʦʟʚôʷʟʫʚʘʥʥʷ. 

ɼʘʥʝ ʪʽʣʦ ʦʙʤʝʞʝʥʝ ʟʥʠʟʫ ʧʘʨʘʙʦʣʦʾʜʦʤ 

ʦʙʝʨʪʘʥʥʷ ,2 22 yxz +=  ʟʚʝʨʭʫ ʧʣʦʱʠʥʦʶ 2=z  ʽ 

ʧʨʦʝʢʪʫʻʪʴʩʷ ʚ ʢʨʫʛ 422 ¢+yx  ʧʣʦʱʠʥʠ ʆʭʫ 

(ʨʠʩ. 33).  

ɺʠʢʦʨʠʩʪʦʚʫʶʯʠ  ʮʠʣʽʥʜʨʠʯʥʽ ʢʦʦʨʜʠʥʘʪʠ, 

ʟʥʘʭʦʜʠʤʦ ʨʽʚʥʷʥʥʷ ʧʘʨʘʙʦʣʦʾʜʘ .
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ʈʠʩ. 33. 

ʇʨʠʢʣʘʜ 3. ɿʥʘʡʪʠ ʦʙôʻʤ ʪʽʣʘ, ʦʙʤʝʞʝʥʦʛʦ ʧʦʚʝʨʭʥʷʤʠ   

.   ,2 222222 yxzzzyx +==++   

ʈʦʟʚôʷʟʫʚʘʥʥʷ.  

ɼʘʥʝ ʪʽʣʦ ʦʙʤʝʞʝʥʝ ʟʥʠʟʫ ʢʦʥʫʩʦʤ ,222 yxz +=  ʟʚʝʨʭʫ ʩʬʝʨʦʶ  ʟ ʮʝʥʪʨʦʤ ʚ ʪʦʯʮʽ 

(0,0,1) ʽ ʧʨʦʝʢʪʫʻʪʴʩʷ ʚ ʢʨʫʛ 122 ¢+yx  ʧʣʦʱʠʥʠ ʆʭʫ (ʨʠʩ. 34).  

ɺʠʢʦʨʠʩʪʦʚʫʶʯʠ  ʮʠʣʽʥʜʨʠʯʥʽ ʢʦʦʨʜʠʥʘʪʠ, ʟʥʘʭʦʜʠʤʦ 

ʨʽʚʥʷʥʥʷ ʩʬʝʨʠ  211 r-+=z   ʪʘ ʨʽʚʥʷʥʥʷ ʢʦʥʫʩʘ .r=z  
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ʇʨʠʢʣʘʜ 4. ɿʥʘʡʪʠ ʦʙôʻʤ ʪʽʣʘ, ʦʙʤʝʞʝʥʦʛʦ ʧʦʚʝʨʭʥʷʤʠ   .4  ,222 =+=+ z yzyx   

  

ʈʦʟʚôʷʟʫʚʘʥʥʷ. 

ɼʘʥʝ ʪʽʣʦ ʦʙʤʝʞʝʥʝ ʟʥʠʟʫ ʧʘʨʘʙʦʣʦʾʜʦʤ ʦʙʝʨʪʘʥʥʷ 

,2 22 yxz +=  ʟʚʝʨʭʫ ʧʣʦʱʠʥʦʶ 4=+zy  ʽ ʧʨʦʝʢʪʫʻʪʴʩʷ ʚ 

ʢʨʫʛ 9)1( 22 ¢++yx  ʧʣʦʱʠʥʠ ʆʭʫ (ʨʠʩ. 35).  
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ʈʠʩ. 35. 
  

ʑʦʙ ʩʧʨʦʩʪʠʪʠ ʦʙʯʠʩʣʝʥʥʷ ʧʦʜʚʽʡʥʦʛʦ ʽʥʪʝʛʨʘʣʘ ʚʚʝʜʝʤʦ ʫʟʘʛʘʣʴʥʝʥʽ ʧʦʣʷʨʥʽ 

ʢʦʦʨʜʠʥʘʪʠ .   ,sin1   ,cos zzyx =jr+-=jr=  ʊʦʜʽ 3=r  ʨʽʚʥʷʥʥʷ ʢʦʣʘ 

.9)1( 22 =++yx  ʗʢʦʙʽʘʥ ʧʝʨʝʪʚʦʨʝʥʥʷ  .),( r=jrJ   

ʆʪʞʝ, ʚ ʦʙʣʘʩʪʽ  D  ʩʧʨʘʚʝʜʣʠʚʽ ʥʝʨʽʚʥʦʩʪʽ: .30   ,20 ¢r¢p¢j¢  
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ʄʝʭʘʥʽʢʘ. 

1. ʄʘʩʘ ʤʘʪʝʨʽʘʣʴʥʦʛʦ ʥʝʦʜʥʦʨʽʜʥʦʛʦ ʪʽʣʘ Gʟ ʛʫʩʪʠʥʦʶ :),,( zyxg=g  

.),,(  ñññg=
G

dxdydzzyxm                                           (12) 

2. ʉʪʘʪʠʯʥʽ ʤʦʤʝʥʪʠ ʥʝʦʜʥʦʨʽʜʥʦʛʦ ʪʽʣʘ G  ʟ ʛʫʩʪʠʥʦʶ ),,( zyxg=g  ʚʽʜʥʦʩʥʦ 

ʢʦʦʨʜʠʥʘʪʥʠʭ ʧʣʦʱʠʥ ʆʭʫ, ʆʭz, ʆʫz: 

,),,(      ,),,( ññññññ g=g=
G

xz

G

xy dxdydzzyxyMdxdydzzyxzM  

.),,(ñññg=
G

yz dxdydzzyxxM                                                     (13) 



 35 

3. ʂʦʦʨʜʠʥʘʪʠ ʮʝʥʪʨʘ ʤʘʩʠ ),,( ccc zyx  ʥʝʦʜʥʦʨʽʜʥʦʛʦ ʪʽʣʘ G  ʟ ʛʫʩʪʠʥʦʶ 

:),,( zyxg=g   

.     ,     , cc
m

M
z

m

M
y

m

M
x

xyxzyz

c ===                                      (14) 

ʗʢʱʦ ʪʽʣʦ ʦʜʥʦʨʽʜʥʝ ( 1),,( =g zyx ), ʘ V  ī ʡʦʛʦ ʦʙôʻʤ, ʪʦ  

.
1

      ,
1

      ,
1

ñññññññññ ===
G

c

G

c

G

c zdxdydz
V

zydxdydz
V

yxdxdydz
V

x               (15) 

4. ʄʦʤʝʥʪʠ ʽʥʝʨʮʽʾ ʥʝʦʜʥʦʨʽʜʥʦʛʦ ʪʽʣʘ G  ʟ ʛʫʩʪʠʥʦʶ ),,( zyxg=g  ʚʽʜʥʦʩʥʦ 

ʧʦʯʘʪʢʫ ʢʦʦʨʜʠʥʘʪ ʪʘ ʚʽʜʥʦʩʥʦ ʢʦʦʨʜʠʥʘʪʥʠʭ ʦʩʝʡ ʆʭ, ʆʫ, ʆz,: 

ñññ g++=
G

dxdydzzyxzyxI ,),,()( 222

0                                     (16) 

ññññññ g+=g+=
G

y

G

x dxdydzzyxzxIdxdydzzyxzyI ,),,()(         ,),,()( 2222
 

 .),,()( 22

ñññ g+=
G

z dxdydzzyxyxI                                       (17) 

5. ʄʦʤʝʥʪʠ ʽʥʝʨʮʽʾ ʥʝʦʜʥʦʨʽʜʥʦʛʦ ʪʽʣʘ G  ʟ ʛʫʩʪʠʥʦʶ ),,( zyxg=g  ʚʽʜʥʦʩʥʦ 

ʢʦʦʨʜʠʥʘʪʥʠʭ ʧʣʦʱʠʥ ʆʭʫ, ʆʭz, ʆʫz:  

ññññññ g=g=
G

xz

G

xy dxdydzzyxyIdxdydzzyxzI ,),,(         ,),,( 22
 

 .),,(2

ñññg=
G

yz dxdydzzyxxI                                              (18) 

 

ʇʨʠʢʣʘʜ 5. ɿʥʘʡʪʠ ʤʘʩʫ ʪʽʣʘ, ʦʙʤʝʞʝʥʦʛʦ 

ʮʠʣʽʥʜʨʠʯʥʦʶ ʧʦʚʝʨʭʥʝʶ 22 xy=  ʪʘ ʧʣʦʱʠʥʘʤʠ 

,22   ,1 =+=+ zyzy  ʢ̫ʱʦ ʚ ʢʦʞʥʽʡ ʪʦʯʮʽ ʡʦʛʦ ʛʫʩʪʠʥʘ 

ʜʦʨʽʚʥʶʻ ʦʨʜʠʥʘʪʽ ʮʽʻʾ ʪʦʯʢʠ. 

ʈʦʟʚôʷʟʫʚʘʥʥʷ.   

ɿʘ ʫʤʦʚʦʶ ʛʫʩʪʠʥʘ ʚ ʢʦʞʥʽʡ ʪʦʯʮʽ ʪʽʣʘ .),,( yzyx =g  

ɼʘʥʝ ʪʽʣʦ ʦʙʤʝʞʝʥʝ ʟʥʠʟʫ ʧʣʦʱʠʥʦʶ ,1=+zy    

ʟʚʝʨʭʫ  ʧʣʦʱʠʥʦʶ  22 =+zy  ʪʘ  ʧʨʦʝʢʪʫʻʪʴʩʷ  ʚ  ʦʙʣʘʩʪʴ  

         z           
   

                              22 =+zy                                 

   2
2 xy=                                            

                      1=+zy  

                                            
 
 

             0               1          ʫ 
   

      ʭ  2
2 xy=         

  

 

 

ʈʠʩ. 36. 

ʦʙʤʝʞʝʥʫ ʧʘʨʘʙʦʣʦʶ 22 xy=  ʪʘ ʧʨʷʤʦʶ 1=y  (ʨʠʩ. 36). ʆʪʞʝ, ʟʘ ʬʦʨʤʫʣʦʶ (12)  
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ʇʨʠʢʣʘʜ 6. ɿʥʘʡʪʠ ʤʘʩʫ ʪʽʣʘ, ʦʙʤʝʞʝʥʦʛʦ ʧʦʚʝʨʭʥʝʶ ʢʦʥʫʩʘ 222)2( yxz +=-  ʪʘ 

ʧʣʦʱʠʥʦʶ ,0=z  ʷʢʱʦ ʛʫʩʪʠʥʘ ʪʽʣʘ .),,( zzyx =g  

ʈʦʟʚôʷʟʫʚʘʥʥʷ.  

ʊ̔ ʣʦ ʧʨʦʝʢʪʫʻʪʴʩʷ ʚ ʦʙʣʘʩʪʴ ʦʙʤʝʞʝʥʫ ʢʦʣʦʤ 

422 =+yx  (ʨʠʩ. 37). ʇʝʨʝʡʜʝʤʦ ʜʦ ʮʠʣʽʥʜʨʠʯʥʠʭ 

ʢʦʦʨʜʠʥʘʪ. ʊʦʜʽ  

.20   ,20  ,20 r-¢¢p¢j¢¢r¢ z  

ʆʪʞʝ, ʟʘ ʬʦʨʤʫʣʦʶ (12)  
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ʈʠʩ. 37. 

 

ʇʨʠʢʣʘʜ 7. ɿʥʘʡʪʠ ʮʝʥʪʨ ʤʘʩʠ ʦʜʥʦʨʽʜʥʦʾ ʧʽʚʢʫʣʽ, ʦʙʤʝʞʝʥʦ ʾ ʧʦʚʝʨʭʥʝʶ 

222 yxRz --=  ʪʘ ʧʣʦʱʠʥʦʶ .0=z   

ʈʦʟʚôʷʟʫʚʘʥʥʷ.  

ʆʩʢʽʣʴʢʠ ʧʽʚʢʫʣʷ ʩʠʤʝʪʨʠʯʥʘ ʚʽʜʥʦʩʥʦ ʦʩʽ ʆz,  ʪʦ ʢʦʦʨʜʠʥʘʪʠ .0  ,0 == cc yx  

ʂʦʦʨʜʠʥʘʪʫ  cz  ʟʥʘʭʦʜʠʤʦ ʟʘ ʬʦʨʤʫʣʦʶ (15), ʧʝʨʝʡʰʦʚʰʠ ʫ ʧʦʪʨʽʡʥʦʤʫ ʽʥʪʝʛʨʘʣʽ 

ʜʦ ʩʬʝʨʠʯʥʠʭ ʢʦʦʨʜʠʥʘʪ. ʆʙôʻʤ ʧʽʚʢʫʣʽ .
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ʇʨʠʢʣʘʜ 8. ɿʥʘʡʪʠ ʮʝʥʪʨ ʤʘʩʠ ʦʜʥʦʨʽʜʥʦʛʦ ʪʽʣʘ, ʦʙʤʝʞʝʥʦʛʦ ʧʦʚʝʨʭʥʷʤʠ 

.4   ,22 =+= xzyx   

 

ʈʦʟʚôʷʟʫʚʘʥʥʷ. 

ʆʩʢʽʣʴʢʠ ʪʽʣʦ ʩʠʤʝʪʨʠʯʥʝ ʚʽʜʥʦʩʥʦ ʦʩʽ ʆʭ,  ʪʦ 

ʢʦʦʨʜʠʥʘʪʠ .0  ,0 == cc yz   

ʆʙôʻʤ ʟʥʘʭʦʜʠʤʦ ʟʘ ʬʦʨʤʫʣʦʶ (11). ɼʣʷ ʟʨʫʯʥʦʩʪʽ 

ʧʝʨʝʡʜʝʤʦ ʜʦ ʮʠʣʽʥʜʨʠʯʥʠʭ ʢʦʦʨʜʠʥʘʪ ,cos  , jr== yxx  

jr= sinz  (ʨʠʩ. 38). ʊʦʜʽ ʜʣʷ ʦʙʣʘʩʪʽ ʽʥʪʝʛʨʫʚʘʥʥʷ  
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ʈʠʩ. 38. 
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ʂʦʦʨʜʠʥʘʪʫ  cx  ʟʥʘʭʦʜʠʤʦ ʟʘ ʬʦʨʤʫʣʦʶ (15) 
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ʇʨʠʢʣʘʜ 9. ɿʥʘʡʪʠ ʤʦʤʝʥʪʠ ʽʥʝʨʮʽʾ ʚʽʜʥʦʩʥʦ 

ʢʦʦʨʜʠʥʘʪʥʠʭ ʧʣʦʱʠʥ ʦʜʥʦʨʽʜʥʦʛʦ ʪʽʣʘ, ʦʙʤʝʞʝʥʦʛʦ 

ʧʦʚʝʨʭʥʷʤʠ  ).0(   0   ,
2

   ,2   ,2 22 >==== pz
p

xpxypzx   

ʈʦʟʚôʷʟʫʚʘʥʥʷ. 

ʊʽʣʦ ʤʦʞʥʘ ʦʧʠʩʘʪʠ ʥʝʨʽʚʥʦʩʪʷʤʠ 

2
 

2
   ,   ,

2
0

22 p
x

p

y
pyp

p

x
z ¢¢¢¢-¢¢  (ʨʠʩ. 39). 

ɿʥʘʡʜʝʤʦ ʤʦʤʝʥʪ ʽʥʝʨʮʽʾ ʚʽʜʥʦʩʥʦ ʧʣʦʱʠʥʠ  ʆzʭ ʟʘ 

ʬʦʨʤʫʣʦʶ (18): 
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ʈʠʩ. 39. 
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yx
dydzydxdydxdydzyI

p
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p
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p
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p

xp

p

y

p

pG

xz

=öö
÷

õ
ææ
ç

å
-=

====

ñ

ññññññññ

-

--
 

ɸʥʘʣʦʛʽʯʥʦ ʟʥʘʭʦʜʠʤʦ 

.
11520

      ,
176

5
2

5
2 p

dxdydzzI
p

dxdydzxI
G

yx

G

yz ==== ññññññ  

 

ɿʘʚʜʘʥʥʷ ʜʣʷ ʩʘʤʦʩʪʽʡʥʦʾ ʨʦʙʦʪʠ 

 

1. ʈʦʟʩʪʘʚʠʪʠ ʤʝʞʽ ʚ ʧʦʪʨʽʡʥʦʤʫ ʽʥʪʝʛʨʘʣʽ ,),,(ñññ
G

dxdydzzyxf  ʷʢʱʦ ʦʙʣʘʩʪʴ G  

ʦʙʤʝʞʝʥʘ ʧʦʚʝʨʭʥʷʤʠ: 

ʘ) ;  ,0  ,  ,1 2yzzxyx ====  

ʙ) ;2  ,0  ,2  , =+=== xzzxyxy  

ʚ) ;9  ,0  ),(9 222 ==+= xxzyx  

ʛ) .3  ,0  ,22 ==-= xzyxz  

2. ʆʙʯʠʩʣʠʪʠ ʧʦʪʨʽʡʥʽ ʽʥʪʝʛʨʘʣʠ: 

ʘ) ,)(ñññ++
G

dxdydzzyx  ʷʢʱʦ G  ʦʙʤʝʞʝʥʘ ʧʦʚʝʨʭʥʷʤʠ ;0 ,1 ====++ zy xzyx  

ʙ) ,33

ññ
D

zdxdyyx  ʷʢʱʦ G  ʚʠʟʥʘʯʘʻʪʴʩʷ ʥʝʨʽʚʥʦʩʪʷʤʠ .0  ,0  ,10 xyzxyx ¢¢¢¢¢¢  

3. ʆʙʯʠʩʣʠʪʠ ʧʦʪʨʽʡʥʽ ʽʥʪʝʛʨʘʣʠ, ʚʠʢʦʨʠʩʪʦʚʫʶʯʠ ʚʽʜʧʦʚʽʜʥʫ ʟʘʤʽʥʫ: 

ʘ) ,22

ñññ+
G

dxdydzyxz  ʷʢʱʦ G  ʦʙʤʝʞʝʥʘ ʧʦʚʝʨʭʥʷʤʠ ;1 ,22 =+=  zyxz  

ʙ) ,222

ñññ ++
G

dxdydzzyx  ʷʢʱʦ G  ʦʙʤʝʞʝʥʘ ʩʬʝʨʦʶ ;4222 =++ zyx  

ʚ) ,
8

2

2

2

2

2

2

ñññ öö
÷

õ
ææ
ç

å
--

G

dxdydz
b

y

a

x

c

z
 ʷʢʱʦ G  ʦʙʤʝʞʝʥʘ ʝʣʽʧʩʦʾʜʦʤ ;1

2

2

2

2

2

2

=++
c

z

b

y

a

x
 

(ʚʢʘʟʽʚʢʘ: ʧʝʨʝʡʪʠ ʜʦ ʫʟʘʛʘʣʴʥʝʥʠʭ ʩʬʝʨʠʯʥʠʭ ʢʦʦʨʜʠʥʘʪ 

qr=qjr=qjr= cos  ,sinsin  ,sincos czbyax  ); 
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ʛ) ,ñññ
G

dxdydz ʷʢʱʦ G  ʨʦʟʪʘʰʦʚʘʥʘ ʚ ʧʝʨʰʦʤʫ ʦʢʪʘʥʪʽ, ʦʙʤʝʞʝʥʘ ʢʦʦʨʜʠʥʘʪʥʠʤʠ 

ʧʣʦʱʠʥʘʤʠ ʪʘ ʧʦʚʝʨʭʥʝʶ ;3
2

6
5

2

z
z

y
x

=ö
÷

õ
æ
ç

å
++  

   (ʚʢʘʟʽʚʢʘ: ʧʝʨʝʡʪʠ ʜʦ ʫʟʘʛʘʣʴʥʝʥʠʭ ʩʬʝʨʠʯʥʠʭ ʢʦʦʨʜʠʥʘʪ 

qr=qjr=qjr=
22222

cos2  ,sinsin
6

1
  ,sincos5 zyx  ). 

4. ɿʥʘʡʪʠ ʦʙôʻʤ ʪʽʣʘ, ʦʙʤʝʞʝʥʦʛʦ ʧʦʚʝʨʭʥʷʤʠ: 

ʘ)  ;0   ,4   ,2 ==+= zzyxy  

ʙ)  ;   , 2222 yxzyxz +=+=  

ʚ)  ;   ,16   ,1 222222222 yxzzyxzyx +==++=++  

ʛ)  ; 

2

2

2

2

2

2

2

x
c

z

b

y

a

x
=öö

÷

õ
ææ
ç

å
++  

(ʚʢʘʟʽʚʢʘ: ʧʝʨʝʡʪʠ ʜʦ ʫʟʘʛʘʣʴʥʝʥʠʭ ʩʬʝʨʠʯʥʠʭ ʢʦʦʨʜʠʥʘʪ 

qr=qjr=qjr= cos  ,sinsin  ,sincos czbyax  ); 

ʜ)  ; 0   ,0   ,0   ,1
532

====++ zyx
zyx

 

(ʚʢʘʟʽʚʢʘ: ʧʝʨʝʡʪʠ ʜʦ ʫʟʘʛʘʣʴʥʝʥʠʭ ʩʬʝʨʠʯʥʠʭ ʢʦʦʨʜʠʥʘʪ 

qr=qjr=qjr=
42442442

cos5  ,sinsin9  ,sincos2 zyx  ). 

5. ɿʥʘʡʪʠ ʤʘʩʫ ʪʽʣʘ, ʦʙʤʝʞʝʥʦʛʦ ʧʦʚʝʨʭʥʷʤʠ ,1   ,2 22 =+++= zyxyxz  ʷʢʱʦ ʡʦʛʦ 

ʛʫʩʪʠʥʘ .1=g  

6. ɿʥʘʡʪʠ ʤʘʩʫ ʪʽʣʘ, ʦʙʤʝʞʝʥʦʛʦ ʧʨʷʤʠʤ ʢʨʫʛʦʚʠʤ ʮʠʣʽʥʜʨʦʤ ʨʘʜʽʫʩʘ R ʽ ʚʠʩʦʪʦʶ 

ʅ, ʷʢʱʦ ʡʦʛʦ ʛʫʩʪʠʥʘ ʚ ʜʦʚʽʣʴʥʽʡ ʪʦʯʮʽ ʜʦʨʽʚʥʶʻ ʢʚʘʜʨʘʪʫ ʚʽʜʩʪʘʥʽ ʚʽʜ ʮʽʻʾ ʪʦʯʢʠ 

ʜʦ ʮʝʥʪʨʘ ʦʩʥʦʚʠ ʮʠʣʽʥʜʨʘ. 

7. ɿʥʘʡʪʠ ʢʦʦʨʜʠʥʘʪʠ ʮʝʥʪʨʘ ʤʘʩʠ ʦʜʥʦʨʽʜʥʦʛʦ ʪʽʣʘ, ʦʙʤʝʞʝʥʦʛʦ ʧʦʚʝʨʭʥʷʤʠ: 

ʘ)  ;4 ,0  ,0  ,0 =++=== zy xzyx   

ʙ)  ;32  ,3  ,0  ,1 =+=== zxyzy  

ʚ)  .0  ,22 =+++= zyxyxz   

8. ɿʥʘʡʪʠ ʤʦʤʝʥʪ ʽʥʝʨʮʽʾ ʚʽʜʥʦʩʥʦ ʧʣʦʱʠʥʠ yzO  ʪʽʣʘ, ʦʙʤʝʞʝʥʦʛʦ ʧʦʚʝʨʭʥʷʤʠ 

,22 ,0  ,0  ,0 =-+=== zy xzyx  ʷʢʱʦ ʡʦʛʦ ʛʫʩʪʠʥʘ .x=g  
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9. ɿʥʘʡʪʠ ʤʦʤʝʥʪ ʽʥʝʨʮʽʾ ʚʽʜʥʦʩʥʦ ʦʩʽ zO  ʦʜʥʦʨʽʜʥʦʾ ʧʽʨʘʤʽʜʠ (1=g ), ʦʙʤʝʞʝʥʦʾ 

ʧʣʦʱʠʥʘʤʠ  ;632 ,0  ,0  ,0 =++=== zy xzyx  

10. ɿʥʘʡʪʠ ʤʦʤʝʥʪ ʽʥʝʨʮʽʾ ʚʽʜʥʦʩʥʦ ʦʩʽ ʦʜʥʦʨʽʜʥʦʛʦ ʢʨʫʛʦʚʦʛʦ ʧʨʷʤʦʛʦ ʢʦʥʫʩʘ, ʷʢʠʡ 

ʤʘʻ ʚʘʛʫ ʈ, ʚʠʩʦʪʫ ʅ ʽ ʨʘʜʽʫʩ ʦʩʥʦʚʠ R. 

11. ɿʥʘʡʪʠ ʤʦʤʝʥʪ ʽʥʝʨʮʽʾ ʚʽʜʥʦʩʥʦ ʧʦʯʘʪʢʫ ʢʦʦʨʜʠʥʘʪ ʦʜʥʦʨʽʜʥʦʛʦ ʪʽʣʘ ( 1=g ),  

ʦʙʤʝʞʝʥʦʛʦ ʢʦʥʫʩʦʤ  222 yxz -=  ʽ ʩʬʝʨʦʶ .2222 Rzyx =++  
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3. ʂʨʠʚʦʣʽʥʽʡʥʽ ʽʥʪʝʛʨʘʣʠ ʧʝʨʰʦʛʦ ʪʘ ʜʨʫʛʦʛʦ ʨʦʜʫ 

3.1. ʆʟʥʘʯʝʥʥʷ, ʚʣʘʩʪʠʚʦʩʪʽ ʪʘ ʦʙʯʠʩʣʝʥʥʷ ʢʨʠʚʦʣʽʥʽʡʥʠʭ 

 ʥ̔ʪʝʛʨʘʣʽʚ ʧʝʨʰʦʛʦ ʨʦʜʫ 

  

ʅʝʭʘʡ ʫ ʧʣʦʱʠʥʽ ʆʭʫ ʟʘʜʘʥʦ ʛʣʘʜʢʫ ʯʠ ʢʫʩʢʦʚʦ-ʛʣʘʜʢʫ ʢʨʠʚʫ ɸɺ, ʽ ʥʘ ʮʽʡ ʢʨʠʚʽʡ 

ʚʠʟʥʘʯʝʥʦ ʦʙʤʝʞʝʥʫ ʬʫʥʢʮʽʶ ).,( yxfz=  (ʅʘʛʘʜʘʻʤʦ, ʱʦ ʥʝʧʝʨʝʨʚʥʘ ʢʨʠʚʘ 

)(  ),( tyytxx ==  ʥʘʟʠʚʘʻʪʴʩʷ ʛʣʘʜʢʦʶ ʥʘ ʚʽʜʨʽʟʢʫ ,0 Ttt ¢¢  ʷʢʱʦ ʬʫʥʢʮʽʾ )(  ),( tytx  

ʤʘʶʪʴ ʥʘ ʮʴʦʤʫ ʚʽʜʨʽʟʢʫ ʥʝʧʝʨʝʨʚʥʽ ʧʦʭʽʜʥʽ, ʷʢʽ ʦʜʥʦʯʘʩʥʦ ʥʝ ʜʦʨʽʚʥʶʶʪʴ ʥʫʣʶ. 

ʗʢʱʦ ʥʝʧʝʨʝʨʚʥʘ ʢʨʠʚʘ ʩʢʣʘʜʘʻʪʴʩʷ ʽʟ ʩʢʽʥʯʝʥʦʛʦ ʯʠʩʣʘ ʛʣʘʜʢʠʭ ʢʨʠʚʠʭ, ʾʾ 

ʥʘʟʠʚʘʶʪʴ ʢʫʩʢʦʚʦ-ʛʣʘʜʢʦʶ). 

ʈʦʟʽʙôʻʤʦ ʢʨʠʚʫ ɸɺ ʪʦʯʢʘʤʠ ɸ=ɸ0, ɸ1,é, ɸnī1, ɸn=ɺ ʥʘ n ʜʦʚʽʣʴʥʠʭ ʯʘʩʪʠʥ (ʨʠʩ. 

40). ɼʦʚʞʠʥʫ -̔ʦʾ ʯʘʩʪʠʥʢʠ ɸ̔ī1ɸ̔ ʧʦʟʥʘʯʠʤʦ ). ,...,2 ,1(  nil i =D  ʅʝʭʘʡ i
ni

lD=
¢¢1

maxl  ī  

ʥʘʡʙʽʣʴʰʘ ʟ ʜʦʚʞʠʥ ʦʢʨʝʤʠʭ ʜʫʛ  ɸ̔ī1ɸ̔. 

ʅʘ ʢʦʞʥʽʡ ʜʫʟʽ  ɸ̔ī1ɸ̔ ʚʽʟʴʤʝʤʦ ʜʦʚʽʣʴʥʫ ʪʦʯʢʫ 

),,( iiiM hx  ʦʙʯʠʩʣʠʤʦ ʟʥʘʯʝʥʥʷ ʬʫʥʢʮʽʾ ),( yxf  ʚ ʮʽʡ 

ʪʦʯʮʽ, ʧʦʤʥʦʞʠʤʦ ʡʦʛʦ ʥʘ ʜʦʚʞʠʥʫ -̔ʦʾ ʯʘʩʪʠʥʢʠ ʽ 

ʫʪʚʦʨʠʤʦ ʩʫʤʫ 

.),(
1

i

n

i
ii lf D=ä

=

hxs  

   

ʊʘʢʫ ʩʫʤʫ ʥʘʟʠʚʘʶʪʴ ʽʥʪʝʛʨʘʣʴʥʦʶ ʩʫʤʦʶ ʜʣʷ 

ʬʫʥʢʮʽʾ  ),( yxfz=  ʧʦ ʢʨʠʚʽʡ ɸɺ. 

     ʫ                       

                                

                      ɸ̔               ʄn                       
            ʄ̔                 ɸnī1   ɸn=ɺ                                                            

                 ɸ̔ī1             
       ɸ1 

            ʄ1        
         ɸ= ɸ0     

 

    0                                      ʭ 

 

ʈʠʩ.40. 

ʆʟʥʘʯʝʥʥʷ. ʗʢʱʦ ʽʩʥʫʻ ʩʢʽʥʯʝʥʥʘ ʛʨʘʥʠʮʷ ʽʥʪʝʛʨʘʣʴʥʠʭ ʩʫʤ  ʧʨʠ 0l  ʪʘʢʘ, ʱʦ 

ʥʝ ʟʘʣʝʞʠʪʴ ʥʽ ʚʽʜ ʩʧʦʩʦʙʫ ʨʦʟʙʠʪʪʷ ʢʨʠʚʦʾ ɸɺ ʥʘ ʯʘʩʪʠʥʢʠ ɸ̔ī1ɸ̔, ʥʽ ʚʽʜ ʚʠʙʦʨʫ 

ʪʦʯʦʢ iM  ʥʘ ʥʠʭ, ʪʦ ʪʘʢʘ ʛʨʘʥʠʮʷ ʥʘʟʠʚʘʻʪʴʩʷ ʢʨʠʚʦʣʽʥʽʡʥʠʤ ʽʥʪʝʛʨʘʣʦʤ ʧʝʨʰʦʛʦ 

ʨʦʜʫ (ʘʙʦ ʽʥʪʝʛʨʘʣʦʤ ʧʦ ʜʦʚʞʠʥʽ ʜʫʛʠ) ʚʽʜ ʬʫʥʢʮʽʾ ),( yxf  ʧʦ ʢʨʠʚʽʡ ɸɺ ʽ 

ʧʦʟʥʘʯʘʻʪʴʩʷ 

ñ
AB

dyxf ?),(  

ʋ ʮʴʦʤʫ ʚʠʧʘʜʢʫ ʬʫʥʢʮʽʷ ),( yxf  ʥʘʟʠʚʘʻʪʴʩʷ ʽʥʪʝʛʨʦʚʥʦʶ ʥʘ ʢʨʠʚʽʡ ɸɺ, ɸɺ ī 

ʢʨʠʚʦʶ ʽʥʪʝʛʨʫʚʘʥʥʷ, ɸ ī ʧʦʯʘʪʢʦʚʦʶ, ʘ ɺ ī ʢʽʥʮʝʚʦʶ ʪʦʯʢʘʤʠ ʽʥʪʝʛʨʫʚʘʥʥʷ. 



 42 

ʆʪʞʝ, ʟʘ ʦʟʥʘʯʝʥʥʷʤ  .),(lim),(
1

0
i

n

i
ii

AB

lfdyxf D= äñ
=


hx

l
?  

ʉʧʨʘʚʝʜʣʠʚʠʤ ʻ ʪʚʝʨʜʞʝʥʥʷ, ʱʦ ʜʦʚʽʣʴʥʘ ʥʝʧʝʨʝʨʚʥʘ ʥʘ ʛʣʘʜʢʽʡ ʘʙʦ ʢʫʩʢʦʚʦ-

ʛʣʘʜʢʽʡ ʢʨʠʚʽʡ ʬʫʥʢʮʽʷ ʽʥʪʝʛʨʦʚʘʥʘ ʥʘ ʮʽʡ ʢʨʠʚʽʡ. 

ʂʨʠʚʦʣʽʥʽʡʥʠʡ ʽʥʪʝʛʨʘʣ ʧʝʨʰʦʛʦ ʨʦʜʫ ʤʘʻ ʚʣʘʩʪʠʚʦʩʪʽ ʚʠʟʥʘʯʝʥʦʛʦ ʽʥʪʝʛʨʘʣʘ 

(ʣʽʥʽʡʥʽʩʪʴ, ʘʜʠʪʠʚʥʽʩʪʴ, ʪʝʦʨʝʤʘ ʧʨʦ ʩʝʨʝʜʥʻ ʪʘ ʽʥʰʽ). ʅʘʚʝʜʝʤʦ ʪʽ ʚʣʘʩʪʠʚʦʩʪʽ, ʱʦ 

ʧʨʠʪʘʤʘʥʥʽ ʣʠʰʝ ʢʨʠʚʦʣʽʥʽʡʥʠʤ ʽʥʪʝʛʨʘʣʘʤ 1-ʛʦ ʨʦʜʫ: 

1. ʗʢʱʦ ʥʘ ʢʨʠʚʽʡ ɸɺ ,1),( =yxf ʪʦ ,),( 0Sdyxf
AB

=ñ ?  ʜʝ 0S ī ʜʦʚʞʠʥʘ ʜʫʛʠ  ɸɺ. 

2. ʂʨʠʚʦʣʽʥʽʡʥʠʡ ʽʥʪʝʛʨʘʣ 1-ʛʦ ʨʦʜʫ ʥʝ ʟʘʣʝʞʠʪʴ ʚʽʜ ʦʨʽʻʥʪʘʮʽʾ ʜʫʛʠ, ʘʙʦ ʞ ʚʽʜ 

ʥʘʧʨʷʤʫ ʽʥʪʝʛʨʫʚʘʥʥʷ 

.),(),( ññ =
BAAB

dyxfdyxf ??  

ʆʙʯʠʩʣʝʥʥʷ ʢʨʠʚʦʣʽʥʽʡʥʠʭ ʽʥʪʝʛʨʘʣʽʚ 1-ʛʦ ʨʦʜʫ ʟʚʦʜʠʪʴʩʷ ʜʦ ʦʙʯʠʩʣʝʥʥʷ 

ʚʠʟʥʘʯʝʥʠʭ ʽʥʪʝʛʨʘʣʽʚ, ʟʘʣʝʞʥʦ ʚʽʜ ʩʧʦʩʦʙʫ ʟʘʜʘʥʥʷ ʢʨʠʚʦʾ: 

1. ʗʢʱʦ ʢʨʠʚʫ ʟʘʜʘʥʦ ʧʘʨʘʤʝʪʨʠʯʥʠʤʠ ʨʽʚʥʷʥʥʷʤʠ ),(  ),( tyytxx ==  ʜʝ ,0 Ttt ¢¢  

ʧʨʠʯʦʤʫ ʟʥʘʯʝʥʥʷ ʧʘʨʘʤʝʪʨʘ 0t  ʚʽʜʧʦʚʽʜʘʻ ʪʦʯʮʽ ɸ, ʘ ʟʥʘʯʝʥʥʷ ʊ ī ʪʦʯʮʽ ɺ, ʪʦ 

.)()())(),((),(
0

22

ññ ¡+¡=
T

tAB

dttytxtytxfdyxf ?                              (1) 

2. ʗʢʱʦ ʢʨʠʚʫ ʟʘʜʘʥʦ ʨʽʚʥʷʥʥʷʤʠ ),(xyy=  ʜʝ ,bxa ¢¢  ( ),(yxx=  ʜʝ dyc ¢¢ ), ʪʦ 

.)(1))(,(),( 2

ññ ¡+=
b

aAB

dxxyxyxfdyxf ?                                  (2) 

.)(1)),((),(
0

2

ññ ¡+=
T

tAB

dyyxyyxfdyxf ?                                  (3) 

3. ʗʢʱʦ ʢʨʠʚʫ ʟʘʜʘʥʦ ʧʦʣʷʨʥʠʤ ʨʽʚʥʷʥʥʷʤʠ ),(jr=r  ʜʝ ,b¢j¢a  ʪʦ 

.)()()sin)(,cos)((),( 22

ññ jjr¡+jrjjrjjr=
b

aAB

dfdyxf ?               (4) 

ɸʥʘʣʦʛʽʯʥʦ ʚʚʦʜʠʪʴʩʷ ʧʦʥʷʪʪʷ ʢʨʠʚʦʣʽʥʽʡʥʦʛʦ ʽʥʪʝʛʨʘʣʘ 1-ʛʦ ʨʦʜʫ ʜʣʷ 

ʥʝʧʝʨʝʨʚʥʦʾ ʬʫʥʢʮʽʾ ʪʨʴʦʭ ʟʤʽʥʥʠʭ ),,( zyxf  ʧʦ ʧʨʦʩʪʦʨʦʚʽʡ ʢʨʠʚʽʡ. ʗʢʱʦ ʢʨʠʚʫ 

ʟʘʜʘʥʦ ʧʘʨʘʤʝʪʨʠʯʥʠʤʠ ʨʽʚʥʷʥʥʷʤʠ ),(  ),(  ),( tzztyytxx ===  ʜʝ ,0 Ttt ¢¢ ʽ ʬʫʥʢʮʽʾ 

)(  ),(  ),( tztytx  ʥʝʧʝʨʝʨʚʥʽ ʨʘʟʦʤ ʟ ʧʦʭʽʜʥʠʤʠ ʥʘ ʚʽʜʨʽʟʢʫ ],,[ 0 Tt  ʪʦ  
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.)()()())(),(),((),(
0

222

ññ ¡+¡+¡=
T

tAB

dttztytxtztytxfdyxf ?                 (5)                             

 

ʇʨʠʢʣʘʜ 1. ʆʙʯʠʩʣʠʪʠ ʽʥʪʝʛʨʘʣ ,ñ
AB

xyd? ʜʝ ɸɺ ī ʯʘʩʪʠʥʘ ʝʣʽʧʩʘ ,1
2

2

2

2

=+
b

y

a

x
 ʱʦ 

ʣʝʞʠʪʴ ʫ ʧʝʨʰʦʤʫ ʢʚʘʜʨʘʥʪʽ.   

ʈʦʟʚôʷʟʫʚʘʥʥʷ. 
 

ʈʽʚʥʷʥʥʷ ʟʘʜʘʥʦʾ ʜʫʛʠ ʝʣʽʧʩʘ ʢʨʘʱʝ ʟʘʧʠʩʘʪʠ ʫ ʧʘʨʘʤʝʪʨʠʯʥʽʡ ʬʦʨʤʽ 

.
2

0  ,sin  ,cos
p
¢¢== ttbytax  

ʉʢʦʨʠʩʪʘʻʤʦʩʴ ʬʦʨʤʫʣʦʶ (1). ɿʥʘʡʜʝʤʦ .cossin)()( 222222 dttbtadttytxd +=¡+¡=?  

.
)(3

)(
)(

)(3
)cossin(

)(3

)cossin(cossin
)(2

cossinsincos

22
33

22

2

0

32222

22

2222
2

0

2222

22

2222
2

0

ba

babaab
ba

ba

ab
tbta

ba

ab

tbtadtbta
ba

ab

dttbtattabxyd
AB

+

++
=-

-
=+

-
=

=++
-

=

=+=

p

p

p

ñ

ññ ?

 

 

ʇʨʠʢʣʘʜ 2. ʆʙʯʠʩʣʠʪʠ ʢʨʠʚʦʣʽʥʽʡʥʠʡ ʽʥʪʝʛʨʘʣ ,)(ñ-
AB

dyx ? ʜʝ ɸɺ ī ʚʽʜʨʽʟʦʢ 

ʧʨʷʤʦʾ, ʱʦ ʟôʻʜʥʫʻ ʪʦʯʢʠ ɸ(0,0) ʪʘ ɺ(4,3).   

ʈʦʟʚôʷʟʫʚʘʥʥʷ. 

ʈʽʚʥʷʥʥʷ ʧʨʷʤʦʾ, ʱʦ ʟôʻʜʥʫʻ ʟʘʜʘʥʽ ʪʦʯʢʠ ,
4

3
xy=  

ʧʨʠʯʦʤʫ 40 ¢¢x  (ʨʠʩ. 41). ʊʦʜʽ ʟʘ ʬʦʨʤʫʣʦʶ (2)  

.
2

5

16

5

4

3
1

4

3
)(

4

0

24

0

==ö
÷

õ
æ
ç

å
+ö

÷

õ
æ
ç

å
-=- ñññ dxxdxxxdyx

AB

?  

        ʫ 
                       

          3                          ɺ                                

              xy
4

3
=  

 

         0  ɸ                   4     ʭ 

 

ʈʠʩ. 41. 
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ʇʨʠʢʣʘʜ 3. ʆʙʯʠʩʣʠʪʠ ʽʥʪʝʛʨʘʣ ,
3

ñ
L

d
x

y
? ʜʝ L  ī ʜʫʛʘ ʧʘʨʘʙʦʣʠ xy 22=  ʚʽʜ ʪʦʯʢʠ 

ɸ(0,0) ʜʦ ʪʦʯʢʠ ɺ(4, 22 ).   

ʈʦʟʚôʷʟʫʚʘʥʥʷ. 

ʊʫʪ ʟʨʫʯʥʦ ʟʘʜʘʪʠ ʢʨʠʚʫ L  ʫ ʚʠʛʣʷʜʽ ,
2

2y
x=  ʜʝ 

220 ¢¢y  (ʨʠʩ. 42). ʊʦʜʽ ʟʘ ʬʦʨʤʫʣʦʶ (3):  

.
3

52
)1(

3

2
12

22

0

322
22

0

3

=+=+= ññ ydxyyd
x

y

L

?  

        ʫ 
                       

   22                              ɺ                                
                            

                  xy 2
2
=  

  

        0  ɸ                     4     ʭ 

 

ʈʠʩ. 42. 

 

ʇʨʠʢʣʘʜ 4. ʆʙʯʠʩʣʠʪʠ ʽʥʪʝʛʨʘʣ ,22

ñ +
L

dyx ? ʜʝ L  ī ʢʦʣʦ axyx 222 =+  (ʨʠʩ. 

43). 

ʈʦʟʚôʷʟʫʚʘʥʥʷ. 

1-ʡ ʩʧʦʩʽʙ. ʉʢʦʨʠʩʪʘʻʤʦʩʴ ʬʦʨʤʫʣʦʶ (1). ɼʣʷ ʮʴʦʛʦ 

ʟʘʧʠʰʝʤʦ ʢʦʣʦ ʫ ʧʘʨʘʤʝʪʨʠʯʥʦʤʫ ʚʠʛʣʷʜʽ. ʆʩʢʽʣʴʢʠ ʮʝʥʪʨ 

ʢʦʣʘ ʟʤʽʱʝʥʠʡ ( 222)( ayax =+- ), ʪʦ  

.20    
,sin

,cos
p¢¢

í
ì
ë

=

+=
t

tay

taax
 

 ʫ 

                                                    axyx 2
22
=+  

                            
 

  0             ʘ            2ʘ    ʭ 

 

 

 

ʈʠʩ. 43. 

ɿʥʘʡʜʝʤʦ ʜʠʬʝʨʝʥʮʽʘʣ ʜʫʛʠ .)cos()sin( 22 adtdttatad =+=?  ʊʦʜʽ 

.4
2

sin4
2

cos2

2
cos)cos1(

2

1
)sin()cos(

2

0

2

0

2

2

0

2
2

0

2
2

0

2222

a
t

adt
t

a

dt
t

adttadttataaadyx
L

===

==+=++=+

pp

ppp

ñ

ññññ ?

 

 

2-ʡ ʩʧʦʩʽʙ. ʉʢʦʨʠʩʪʘʻʤʦʩʴ ʬʦʨʤʫʣʦʶ (4). ɿʘʧʠʰʝʤʦ ʨʽʚʥʷʥʥʷ ʢʦʣʘ ʫ ʧʦʣʷʨʥʽʡ 

ʩʠʩʪʝʤʽ ʢʦʦʨʜʠʥʘʪ: .cos2 j=r a  ʇʦʣʷʨʥʠʡ ʢʫʪ ʟʤʽʥʶʻʪʴʩʷ ʚʽʜ 
2

p
-  ʜʦ .

2

p
  

ʊʦʜʽ ,sincos2   ,cos2 2 jj=j= ayax  ʘ ʜʠʬʝʨʝʥʮʽʘʣ ʜʫʛʠ  

.2)sin2()cos2( 2222 j=jj+j=jr¡+r== addaadd?  
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ʆʪʞʝ,  

.4sin2cos22 22

2

2
2

2

2
2

2

22
  aadadadyx

L

=j=jj=jr=+
p

p
-

p

p
-

p

p
-

ñññ ?  

 

ʇʨʠʢʣʘʜ 5. ʆʙʯʠʩʣʠʪʠ ,22

ñ +
L

dyx ? ʜʝ L  ī ʟʘʜʘʥʘ ʨʽʚʥʷʥʥʷʤ  

( ) ( ).2222

3
22 yxayx -=+   

ʈʦʟʚôʷʟʫʚʘʥʥʷ. 

ʇʝʨʝʡʜʝʤʦ ʜʦ ʧʦʣʷʨʥʠʭ ʢʦʦʨʜʠʥʘʪ. ʈʽʚʥʷʥʥʷ ʢʨʠʚʦʾ 

ʥʘʙʫʜʝ ʚʠʛʣʷʜʫ ,2cos2 j=r a  ʜʝ 
44

p
¢j¢

p
-  ʪʘ 

4

5

4

3 p
¢j¢

p
  (ʨʠʩ. 44). 

                ʫ 
                                                     

                            

 

                    0               ʘ
2
    ʭ 

 

 

ʈʠʩ. 44. 

ɿʥʘʡʜʝʤʦ ʜʠʬʝʨʝʥʮʽʘʣ ʜʫʛʠ 

.2sin31)2sin2()2cos( 222222 jj+=jj+j= dadaad?  

ʊʦʜʽ, ʟʘ ʬʦʨʤʫʣʦʶ (4) 

).23ln(
3

4

)2sin3(2sin31
3

2sin312cos2

2
4

2

2

2
44

4

2422
 

++=

=jj+=jj+j=+ ñññ

p

p
-

p

p
-

a
a

d
a

dadyx
L

?

 

 

ʇʨʠʢʣʘʜ 6. ʆʙʯʠʩʣʠʪʠ ʽʥʪʝʛʨʘʣ ,)(ñ+
L

dyx ? ʜʝ L  ī 

ʤʝʥʰʘ ʯʘʩʪʠʥʘ ʢʦʣʘ 
í
ì
ë

=

=++

,

,2222

xy

Rzyx
 ʦʙʤʝʞʝʥʘ 

ʪʦʯʢʘʤʠ ),0,0( RA  ʽ ö
÷

õ
æ
ç

å

2
,

2
,

2

RRR
B  (ʨʠʩ. 45). 

ʈʦʟʚôʷʟʫʚʘʥʥʷ. 

ʆʩʢʽʣʴʢʠ   ʢʨʠʚʘ   ʧʨʦʩʪʦʨʦʚʘ,   ʪʦ   ʜʣʷ   ʦʙʯʠʩʣʝʥʥʷ  

 

                 z 
                                                    ɸ  
                            

 

                                      
                              ɺ              ʫ 

 

         ʭ 
 

 

 

ʈʠʩ. 45. 

cʢʦʨʠʩʪʘʻʤʦʩʴ   ʬʦʨʤʫʣʦʶ   (5).   ɼʣʷ   ʮʴʦʛʦ   ʚʠʧʠʰʝʤʦ   ʧʘʨʘʤʝʪʨʠʯʥʽ    ʨʽʚʥʷʥʥʷ.  
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ʅʝʭʘʡ ,tx=  ʪʦʜʽ ʟ ʨʽʚʥʷʥʥʷ ʢʦʣʘ ʤʘʻʤʦ .2   , 22 tRzty -==  ʊʦʯʮʽ ɸ ʚʽʜʧʦʚʽʜʘʻ 

ʟʥʘʯʝʥʥʷ ,0=t  ʘ ʪʦʯʮʽ ɺ ī .
2

R
t=  ɿʥʘʡʜʝʤʦ ʜʠʬʝʨʝʥʮʽʘʣ ʜʫʛʠ 

. 
2

2
 

2

4
11

2222

2

dt
tR

R
dt

tR

t
d

-
=

-
++=?  

ʊʦʜʽ,  

).12(22 
2

)2(

2

2
 

2

2
2)( 22

0

22
2

0
22

222

0
22

-=--=
-

-
=

-
=+ ñññ RtRR

tR

tRdR
dt

tR

R
tdyx

R
RR

L

?  

 

3.2. ʆʟʥʘʯʝʥʥʷ ʪʘ ʦʙʯʠʩʣʝʥʥʷ ʢʨʠʚʦʣʽʥʽʡʥʠʭ 

 ʽʥʪʝʛʨʘʣʽʚ ʜʨʫʛʦʛʦ ʨʦʜʫ 

  

ʅʝʭʘʡ ʫ ʧʣʦʱʠʥʽ ʆʭʫ ʟʘʜʘʥʦ ʛʣʘʜʢʫ ʯʠ ʢʫʩʢʦʚʦ-ʛʣʘʜʢʫ ʢʨʠʚʫ ɸɺ, ʽ ʥʘ ʮʽʡ ʢʨʠʚʽʡ 

ʚʠʟʥʘʯʝʥʦ ʦʙʤʝʞʝʥʫ ʬʫʥʢʮʽʶ ).,( yxP  ʅʘ ʚʽʜʤʽʥʫ ʚʽʜ ʽʥʪʝʛʨʘʣʽʚ ʧʝʨʰʦʛʦ ʨʦʜʫ 

ʚʚʘʞʘʪʠʤʝʤʦ, ʱʦ ʥʘ ʢʨʠʚʽʡ ʟʘʜʘʥʦ ʥʘʧʨʷʤ ʚʽʜ ʧʦʯʘʪʢʦʚʦʾ ʪʦʯʢʠ ɸ ʜʦ ʢʽʥʮʝʚʦʾ ʪʦʯʢʠ 

ɺ.  

ʈʦʟʽʙôʻʤʦ ʢʨʠʚʫ ɸɺ ʪʦʯʢʘʤʠ ɸ=ɸ0, ɸ1,é, ɸnī1, ɸn=ɺ 

ʥʘ n ʜʦʚʽʣʴʥʠʭ ʯʘʩʪʠʥ (ʨʠʩ. 46). ʅʘ ʢʦʞʥʽʡ ʜʫʟʽ  ɸ̔ī1ɸ̔ 

ʚʽʟʴʤʝʤʦ ʜʦʚʽʣʴʥʫ ʪʦʯʢʫ niM iii ,...,2,1   ),,( =hx  

ʦʙʯʠʩʣʠʤʦ ʟʥʘʯʝʥʥʷ ʬʫʥʢʮʽʾ ),( yxP  ʚ ʮʽʡ ʪʦʯʮʽ ʽ 

ʩʢʣʘʜʝʤʦ ʩʫʤʫ 

,),(
1

i

n

i
ii xP D=ä

=

hxs  

ʜʝ ixD  ī ʧʨʦʝʢʮʽʷ ʚʝʢʪʦʨʘ ii AA 1-  ʥʘ ʚʽʩʴ ʆʭ. ʅʝʭʘʡ 

.max
1

i
ni

lD=
¢¢

l  

       ʫ                       

                                
  ʫ̔                               ɸ̔         ɺ 
                                    

       iyD   ʄ̔                                                                             

                 
  ʫ̔ī1               ɸ̔ī1             

                    

            ɸ 

    0          ʭ̔ī1   ixD    ʭ̔              ʭ 

 

ʈʠʩ.46. 

ʆʟʥʘʯʝʥʥʷ. ʗʢʱʦ ʽʩʥʫʻ ʩʢʽʥʯʝʥʘ ʛʨʘʥʠʮʷ ʽʥʪʝʛʨʘʣʴʥʠʭ ʩʫʤ  ʧʨʠ 0l  ʪʘʢʘ, ʱʦ 

ʥʝ ʟʘʣʝʞʠʪʴ ʥʽ ʚʽʜ ʩʧʦʩʦʙʫ ʨʦʟʙʠʪʪʷ ʢʨʠʚʦʾ ɸɺ ʯʘʩʪʠʥʢʠ ɸ̔ī1ɸ̔, ʥʽ ʚʽʜ ʚʠʙʦʨʫ ʪʦʯʦʢ 

iM  ʥʘ ʥʠʭ, ʪʦ ʪʘʢʘ ʛʨʘʥʠʮʷ ʥʘʟʠʚʘʻʪʴʩʷ ʢʨʠʚʦʣʽʥʽʡʥʠʤ ʽʥʪʝʛʨʘʣʦʤ ʧʦ ʢʦʦʨʜʠʥʘʪʽ ʭ 

ʚʽʜ ʬʫʥʢʮʽʾ ),( yxP  ʧʦ ʢʨʠʚʽʡ ɸɺ ʽ ʧʦʟʥʘʯʘʻʪʴʩʷ 
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ñ
AB

dxyxP ),(  

ʆʪʞʝ, ʟʘ ʦʟʥʘʯʝʥʥʷʤ   

.),(lim),(
1

0
i

n

i
ii

AB

xPdxyxP Dhx= äñ
=

l
 

ɸʥʘʣʦʛʽʯʥʦ ʚʚʦʜʠʪʴʩʷ ʧʦʥʷʪʪʷ ʢʨʠʚʦʣʽʥʽʡʥʦʛʦ ʽʥʪʝʛʨʘʣʘ ʧʦ ʢʦʦʨʜʠʥʘʪʽ ʫ ʚʽʜ 

ʬʫʥʢʮʽʾ ),( yxQ  ʧʦ ʢʨʠʚʽʡ ɸɺ : 

,),(lim),(
1

0
i

n

i
ii

AB

yQdyyxQ Dhx= äñ
=

l
 

ʜʝ iyD  ī  ʧʨʦʝʢʮʽʷ ʚʝʢʪʦʨʘ ii AA 1-  ʥʘ ʚʽʩʴ ʆʫ. 

ʉʫʤʫ ññ +
ABAB

dyyxQdxyxP ),(),(  ʥʘʟʠʚʘʶʪʴ ʢʨʠʚʦʣʽʥʽʡʥʠʤ ʽʥʪʝʛʨʘʣʦʤ ʧʦ 

ʢʦʦʨʜʠʥʘʪʘʭ ʘʙʦ ʢʨʠʚʦʣʽʥʽʡʥʠʤ ʽʥʪʝʛʨʘʣʦʤ ʜʨʫʛʦʛʦ ʨʦʜʫ ʚʽʜ ʬʫʥʢʮʽʡ ),( yxP  ʪʘ 

),( yxQ  ʧʦ ʢʨʠʚʽʡ ɸɺ ʽ ʧʦʟʥʘʯʘʶʪʴ 

.),(),( dyyxQdxyxP
AB

+ñ  

ʅʘ ʚʽʜʤʽʥʫ ʚʽʜ ʢʨʠʚʦʣʽʥʽʡʥʦʛʦ ʽʥʪʝʛʨʘʣʘ ʧʝʨʰʦʛʦ ʨʦʜʫ ʢʨʠʚʦʣʽʥʽʡʥʠʡ ʽʥʪʝʛʨʘʣ 

ʜʨʫʛʦʛʦ ʨʦʜʫ ʟʘʣʝʞʠʪʴ ʚʽʜ ʥʘʧʨʷʤʫ ʰʣʷʭʫ ʽʥʪʝʛʨʫʚʘʥʥʷ ʽ ʧʨʠ ʟʤʽʥʽ ʮʴʦʛʦ ʥʘʧʨʷʤʫ 

ʟʤʽʥʶʻ ʟʥʘʢ: 

.),(),(),(),( dyyxQdxyxPdyyxQdxyxP
BAAB

+-=+ ññ  

ʎʝ ʧʦʚôʷʟʘʥʦ ʟ ʪʠʤ, ʱʦ ʧʨʠ ʟʤʽʥʽ ʥʘʧʨʷʤʫ ʨʫʭʫ ʧʦ ʢʨʠʚʽʡ, ʟʤʽʥʶʶʪʴʩʷ ʟʥʘʢʠ 

ʧʨʦʝʢʮʽʡ ixD  ʪʘ iyD  ʫ ʚʽʜʧʦʚʽʜʥʠʭ ʽʥʪʝʛʨʘʣʴʥʠʭ ʩʫʤʘʭ. ɿ ʦʩʥʦʚʥʠʭ ʚʣʘʩʪʠʚʦʩʪʝʡ 

ʽʥʪʝʛʨʘʣʘ ʩʣʽʜ ʚʠʜʽʣʠʪʠ ʱʝ ʦʜʥʫ: ʷʢʱʦ ʚʽʜʨʽʟʦʢ ʽʥʪʝʛʨʫʚʘʥʥʷ ɸɺ ʧʝʨʧʝʥʜʠʢʫʣʷʨʥʠʡ 

ʜʦ ʦʩʽ ʆʭ, ʪʦ ʜʣʷ ʜʦʚʽʣʴʥʦʾ ʬʫʥʢʮʽʾ ),( yxP  ʽʥʪʝʛʨʘʣ ʧʦ ʘʙʩʮʠʩʽ ʜʦʨʽʚʥʶʻ ʥʫʣʶ 

,0),( =ñ
AB

dxyxP  ʦʩʢʽʣʴʢʠ ʚʩʽ ʧʨʦʝʢʮʽʾ ixD  ʚ ʽʥʪʝʛʨʘʣʴʥʽʡ ʩʫʤʽ ʜʦʨʽʚʥʶʶʪʴ ʥʫʣʶ. 

ɸʥʘʣʦʛʽʯʥʦ, ʷʢʱʦ ʚʽʜʨʽʟʦʢ ɸɺ ʧʝʨʧʝʥʜʠʢʫʣʷʨʥʠʡ ʜʦ ʦʩʽ ʆʫ, ʪʦ ʜʣʷ ʜʦʚʽʣʴʥʦʾ ʬʫʥʢʮʽʾ 

),( yxQ  ʽʥʪʝʛʨʘʣ ʧʦ ʦʨʜʠʥʘʪʽ ʜʦʨʽʚʥʶʻ ʥʫʣʶ .0),( =ñ
AB

dyyxQ  

ʂʨʠʚʫ ʙʝʟ ʪʦʯʦʢ ʩʘʤʦʧʝʨʝʪʠʥʫ, ʫ ʷʢʦʾ ʧʦʯʘʪʢʦʚʘ ʪʘ ʢʽʥʮʝʚʘ ʪʦʯʢʠ ʟʙʽʛʘʶʪʴʩʷ, 

ʥʘʟʠʚʘʶʪʴ ʟʘʤʢʥʝʥʠʤ ʢʦʥʪʫʨʦʤ. ɿʘʜʘʥʥʷ ʧʦʯʘʪʢʦʚʦʾ ɸ ʪʘ ʢʽʥʮʝʚʦʾ ɺ ʪʦʯʦʢ ʪʫʪ ʥʝ 

ʟʘʜʘʻ ʥʘʧʨʷʤʫ. ʂʦʥʪʫʨ ʚʚʘʞʘʻʪʴʩʷ ʜʦʜʘʪʥʦ ʦʨʽʻʥʪʦʚʘʥʠʤ, ʷʢʱʦ ʧʨʠ ʡʦʛʦ ʦʙʭʦʜʽ 
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ʦʙʣʘʩʪʴ, ʦʙʤʝʞʝʥʘ ʮʠʤ ʢʦʥʪʫʨʦʤ, ʟʘʣʠʰʘʻʪʴʩʷ ʟʣʽʚʘ. ʂʨʠʚʦʣʽʥʽʡʥʠʡ ʽʥʪʝʛʨʘʣ ʧʦ 

ʜʦʜʘʪʥʦ ʦʨʽʻʥʪʦʚʥʦʤʫ ʢʦʥʪʫʨʫ ʟʘʧʠʩʫʻʪʴʩʷ ʪʘʢʠʤ ʯʠʥʦʤ: 

.),(),(ñ +
L

dyyxQdxyxP  

ʗʢʱʦ ʬʫʥʢʮʽʾ ),( yxP  ʪʘ ),( yxQ  ʥʝʧʝʨʝʨʚʥʽ ʥʘ ʛʣʘʜʢʽʡ ʯʠ ʢʫʩʢʦʚʦ-ʛʣʘʜʢʽʡ ʢʨʠʚʽʡ 

ɸɺ, ʪʦ ʢʨʠʚʦʣʽʥʽʡʥʠʡ ʽʥʪʝʛʨʘʣ ʜʨʫʛʦʛʦ ʨʦʜʫ ʽʩʥʫʻ, ʽ ʡʦʛʦ ʦʙʯʠʩʣʝʥʥʷ ʤʦʞʥʘ ʟʚʝʩʪʠ 

ʜʦ ʦʙʯʠʩʣʝʥʥʷ ʚʠʟʥʘʯʝʥʦʛʦ ʽʥʪʝʛʨʘʣʘ, ʟʘʣʝʞʥʦ ʚʽʜ ʩʧʦʩʦʙʫ ʟʘʜʘʥʥʷ ʢʨʠʚʦʾ: 

1. ʗʢʱʦ ʢʨʠʚʫ ʟʘʜʘʥʦ ʧʘʨʘʤʝʪʨʠʯʥʠʤʠ ʨʽʚʥʷʥʥʷʤʠ ),(  ),( tyytxx ==  ʜʝ ,0 Ttt ¢¢  

ʘ ʬʫʥʢʮʽʾ )( ),( tytx ʥʘ ʚʽʜʨʽʟʢʫ ],[ 0 Tt  ʥʝʧʝʨʝʨʚʥʽ ʨʘʟʦʤ ʟʽ ʩʚʦʾʤʠ ʧʦʭʽʜʥʠʤʠ, ʧʨʠʯʦʤʫ 

ʟʥʘʯʝʥʥʷ ʧʘʨʘʤʝʪʨʘ  0t  ʚʽʜʧʦʚʽʜʘʻ ʪʦʯʮʽ ɸ, ʘ ʟʥʘʯʝʥʥʷ ʊ ī ʪʦʯʮʽ ɺ, ʪʦ   

.)]())(),(()())(),(([),(),(
0

ññ ¡+¡=+
T

tAB

dttytytxQtxtytxPdyyxQdxyxP               (6) 

2. ʗʢʱʦ ʢʨʠʚʫ ʟʘʜʘʥʦ ʨʽʚʥʷʥʥʷʤʠ ),(xyy= ,bxa ¢¢  ʜʝ ʬʫʥʢʮʽʷ )(xy  ʪʘ ʾʾ ʧʦʭʽʜʥʘ 

)(xy¡  ʥʝʧʝʨʝʨʚʥʽ ʥʘ ʧʨʦʤʽʞʢʫ ],[ ba , ʪʦ 

.)]())(,())(,([),(),( ññ ¡+=+
b

aAB

dxxyxyxQxyxPdyyxQdxyxP                     (7) 

3. ʗʢʱʦ ʢʨʠʚʫ ʟʘʜʘʥʦ ʨʽʚʥʷʥʥʷʤʠ ),(yxx=  ,dyc ¢¢  ʜʝ ʬʫʥʢʮʽʷ )(yx  ʪʘ ʾʾ 

ʧʦʭʽʜʥʘ )(yx¡  ʥʝʧʝʨʝʨʚʥʽ ʥʘ ʧʨʦʤʽʞʢʫ ],[ dc , ʪʦ 

.)]),(()()),(([),(),( ññ +¡=+
d

cAB

dyyyxQyxyyxPdyyxQdxyxP                    (8) 

ʇʦʥʷʪʪʷ ʢʨʠʚʦʣʽʥʽʡʥʦʛʦ ʽʥʪʝʛʨʘʣʘ ʜʨʫʛʦʛʦ ʨʦʜʫ ʤʦʞʥʘ ʧʦʰʠʨʠʪʠ ʽ ʥʘ  ʧʨʦʩʪʦʨʦʚʽ 

ʢʨʠʚʽ. ʅʝʭʘʡ ʬʫʥʢʮʽʾ ),,,( zyxP  ),,( zyxQ  ʪʘ ),,( zyxR  ʚʠʟʥʘʯʝʥʽ ʪʘ ʥʝʧʝʨʝʨʚʥʽ ʥʘ 

ʧʨʦʩʪʦʨʦʚʽʡ ʢʨʠʚʽʡ ɸɺ, ʷʢʫ ʟʘʜʘʥʦ ʧʘʨʘʤʝʪʨʠʯʥʠʤʠ ʨʽʚʥʷʥʥʷʤʠ 

),(  ),(  ),( tzztyytxx ===  ,0 Ttt ¢¢  ʜʝ ʬʫʥʢʮʽʾ )(  ),(  ),( tztytx   ʥʝʧʝʨʝʨʚʥʽ ʨʘʟʦʤ ʟʽ 

ʩʚʦʾʤʠ ʧʦʭʽʜʥʠʤʠ ʟʘ t  ʥʘ ʚʽʜʨʽʟʢʫ ].,[ 0 Tt  ʊʦʜʽ  

=++ñ dzzyxRdyzyxQdxzyxP
AB

),,(),,(),,(  

.)]())(),(),(()())(),(),(()())(),(),(([
0

ñ ¡+¡+¡=
T

t

dttztztytxRtytztytxQtxtztytxP       (9)                             
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ʇʨʠʢʣʘʜ 1. ʆʙʯʠʩʣʠʪʠ ,)()( 33

ñ +-+
L

dyxydxyx  ʜʝ L  ī ʚʝʨʭʥʷ ʜʫʛʘ ʘʩʪʨʦʾʜʠ 

tytx 33 sin8   ,cos8 ==   ʚʽʜ ʪʦʯʢʠ (8,0) ʜʦ (ī8,0) (ʨʠʩ. 47).  

ʈʦʟʚôʷʟʫʚʘʥʥʷ. 

ʂʨʠʚʫ ʟʘʜʘʥʦ ʫ ʧʘʨʘʤʝʪʨʠʯʥʦʤʫ ʚʠʛʣʷʜʽ, ʪʦʤʫ 

ʩʢʦʨʠʩʪʘʻʤʦʩʴ ʬʦʨʤʫʣʦʶ (6).  

ʊʦʯʮʽ (8,0) ʚʽʜʧʦʚʽʜʘʻ ʟʥʘʯʝʥʥʷ ʧʘʨʘʤʝʪʨʘ ,0=t  ʘ ʪʦʯʮʽ 

(ī8,0) ī ʟʥʘʯʝʥʥʷ ,p=t  ʦʪʞʝ, .0 p¢¢t   

ɿʥʘʡʜʝʤʦ ʜʠʬʝʨʝʥʮʽʘʣʠ dx ʪʘ :dy  

.cossin24

 ,sincos24

2

2

tdttdy

tdttdx

=

-=
 

             ʫ 
                                                     

               8    

 
            

 

ī8            0               8    ʭ 

 

 

 

ʈʠʩ. 47. 
 

ʊʦʜʽ,  

.24)2sin482sin24(

)cossin192sincos48()]cossin24)cos8sin2(

)sincos24)(sin8cos2[()()(

0

2

0

2223

0

2333

p-=--=

=--=+-

--+=+-+

ñ

ñ

ññ

p

p

p

dttt

dtttttdttttt

ttttdyxydxyx
L

 

 

ʇʨʠʢʣʘʜ 2. ʆʙʯʠʩʣʠʪʠ ,)()(ñ -++
L

dyyxdxyx  ʜʝ L  ī ʢʦʣʦ  .4)1()1( 22 =-+- yx    

ʈʦʟʚôʷʟʫʚʘʥʥʷ. 

ɿʘʧʠʰʝʤʦ ʧʘʨʘʤʝʪʨʠʯʥʽ ʨʽʚʥʷʥʥʷ ʜʘʥʦʛʦ ʢʦʣʘ  

p¢¢+=+= 20   ,sin21   ,cos21 ttytx  (ʨʠʩ. 48). 

ɿʥʘʡʜʝʤʦ ʜʠʬʝʨʝʥʮʽʘʣʠ dx ʪʘ :dy  

.cos2

 ,sin2

tdtdy

tdtdx

=

-=
 

      ʫ 
                                                     

 
            

  

  1            

  

  0        1            ʭ 
  

ʈʠʩ. 48. 

ʊʦʜʽ, ʟʘ ʬʦʨʤʫʣʦʶ (6) 

.0)2cos4sincos8sin4(

)]cos2)sin2cos2()sin2)(sin2cos22[()()(

2

0

2

0

=ñ +--=

=+ñ +-++=-++

p

p

ñ

dttttt

dtttttttdyyxdxyx
L  
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ʇʨʠʢʣʘʜ 3. ʆʙʯʠʩʣʠʪʠ ,ñ +
L

dyxydx  ʜʝ L  ī ʟʘʤʢʥʝʥʠʡ ʢʦʥʪʫʨ, ʫʪʚʦʨʝʥʠʡ ʣʽʥʽʷʤʠ  

.0   ,1   ,2 === xyxy    

ʈʦʟʚôʷʟʫʚʘʥʥʷ. 

ɿʨʦʙʠʤʦ ʨʠʩʫʥʦʢ. ʂʦʥʪʫʨ ʩʢʣʘʜʘʻʪʴʩʷ ʟ ʪʨʴʦʭ ʯʘʩʪʠʥ (ʨʠʩ. 49), ʪʦʤʫ ʟʘʩʪʦʩʫʻʤʦ 

ʘʜʠʪʠʚʥʽʩʪʴ ʢʨʠʚʦʣʽʥʽʡʥʦʛʦ ʽʥʪʝʛʨʘʣʘ: 

.ññññ +++++=+
BOABOAL

dyxydxdyxydxdyxydxdyxydx  

ɿ ʨʽʚʥʷʥʥʷ 2xy=  ʣʽʥʽʾ ʆɸ ʜʽʩʪʘʥʝʤʦ ,2xdxdy=  ʪʦʤʫ 

;
4

5
)2(

1

0

3 =+=+ ññ dxxxdyxydx
OA

 

ʟ ʨʽʚʥʷʥʥʷ 1=y  ʣʽʥʽʾ ɸɺ ʜʽʩʪʘʥʝʤʦ ,0=dy  ʪʦʤʫ 

;
2

10

1

-==+ ññ xdxdyxydx
AB

 

ʟ ʨʽʚʥʷʥʥʷ 0=x  ʣʽʥʽʾ ɺʆ ʜʽʩʪʘʥʝʤʦ ,0=dx  ʪʦʤʫ 

.1
0

1

-==+ ññ dydyxydx
BO

 

       ʫ                
2

xy=  
   

  1  ɺ             ɸ     ʫ=1  

  
   

 

  
 ʆ                    1       ʭ 
 

  ʭ=0 

 

ʈʠʩ. 49. 

ʆʩʪʘʪʦʯʥʦ ʤʘʻʤʦ  

.
4

1
1

2

1

4

5
-=--=+ñ

L

dyxydx  

 

ʇʨʠʢʣʘʜ 4. ʆʙʯʠʩʣʠʪʠ ,)(2

ñ ++-
L

dzyxdyxydx  ʜʝ L  ī ʣʽʥʽʷ ʧʝʨʝʪʠʥʫ ʮʠʣʽʥʜʨʘ 

422 =+yx   ʟ ʧʣʦʱʠʥʦʶ .0=-+ zyx    

ʈʦʟʚôʷʟʫʚʘʥʥʷ. 

ɿʥʘʡʜʝʤʦ ʧʘʨʘʤʝʪʨʠʯʥʝ ʨʽʚʥʷʥʥʷ ʢʨʠʚʦʾ. ʆʩʢʽʣʴʢʠ ʧʨʦʝʢʮʽʷ ʥʘ ʧʣʦʱʠʥʫ ʆʭʫ ʻ 

ʢʦʣʦ ,0   ,422 ==+ zyx  ʪʦ ʤʦʞʥʘ ʧʦʢʣʘʩʪʠ .sin2   ,cos2 tytx ==   ʊʦʜʽ ʟ ʨʽʚʥʷʥʥʷ 

ʧʣʦʱʠʥʠ ʟʥʘʭʦʜʠʤʦ, ʱʦ ).sin(cos2 ttz +=  ʆʪʞʝ, 

î
í

î
ì

ë

-=

=

-=

Ý

î
í

î
ì

ë

p¢¢+=

=

=

.)sin(cos2

,cos2

 ,sin2

         

,20  ),sin(cos2

,sin2

 ,cos2

dtttdz

tdtdy

tdtdx

tttz

ty

tx
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ɺʠʢʦʨʠʩʪʦʚʫʶʯʠ ʬʦʨʤʫʣʫ (9), ʤʘʪʠʤʝʤʦ: 

,4)cossin82cos4cos82cos22(

)sin(cos4cos8sin4()(

2

0

2

2

0

22322

p-=++-+-=

=-+--=++-

ñ

ññ

p

p

dtttttt

dtttttdzyxdyxydx
L

 

ɿʘʫʚʘʞʝʥʥʷ.  

ʗʢʱʦ a ʪʘ b ī ʢʫʪʠ, ʷʢʽ ʫʪʚʦʨʶʻ ʟ ʦʩʷʤʠ ʢʦʦʨʜʠʥʘʪ 

ʥʘʧʨʷʤʥʘ ʜʦʪʠʯʥʘ ʜʦ ʢʨʠʚʦʾ ʫ ʪʦʯʮʽ ʄ(ʭ,ʫ) (ʨʠʩ. 50), ʪʦ ʟ 

ʛʝʦʤʝʪʨʠʯʥʦʛʦ ʟʤʽʩʪʫ ʜʠʬʝʨʝʥʮʽʘʣʘ ʜʫʛʠ ʤʘʻʤʦ: 

.cos   ,cos ?? ddyddx b=a=  

ɿʘʤʽʥʶʶʯʠ ʫ ʢʨʠʚʦʣʽʥʽʡʥʦʤʫ ʽʥʪʝʛʨʘʣʽ dx ʪʘ dy ʮʠʤʠ 

ʚʠʨʘʟʘʤʠ, ʦʪʨʠʤʘʻʤʦ ʬʦʨʤʫʣʫ, ʷʢʘ ʧʦʚôʷʟʫʻ ʢʨʠʚʦʣʽʥʽʡʥʽ 

ʽʥʪʝʛʨʘʣʠ ʧʝʨʰʦʛʦ ʪʘ ʜʨʫʛʦʛʦ ʨʦʜʫ: 

        ʫ                 

 

 
 

            ʄ      a 
 

      b        dx 
   

                                  ʭ 

ʈʠʩ. 50. 

.)coscos(ññ b+a=+
L

dQPQdyPdx
L

? 

 

 

3.3. ʌʦʨʤʫʣʘ ɻʨʽʥʘ  

 

ʆʙʣʘʩʪʴ ʥʘʟʠʚʘʻʪʴʩʷ ʦʜʥʦʟʚôʷʟʥʦʶ, ʷʢʱʦ ʜʣʷ ʜʦʚʽʣʴʥʦʛʦ ʟʘʤʢʥʝʥʦʛʦ ʢʦʥʪʫʨʘ, ʱʦ 

ʣʝʞʠʪʴ ʚ ʮʽʡ ʦʙʣʘʩʪʽ, ʦʙʤʝʞʝʥʘ ʥʠʤ ʯʘʩʪʠʥʘ ʧʣʦʱʠʥʠ ʮʽʣʢʦʤ ʥʘʣʝʞʠʪʴ ʮʽʡ ʦʙʣʘʩʪʽ. 

ʅʝʭʘʡ ʟʘʤʢʥʝʥʘ ʦʜʥʦʟʚôʷʟʥʘ ʦʙʣʘʩʪʴ ,D  ʱʦ ʣʝʞʠʪʴ ʚ ʧʣʦʱʠʥʽ ʆʭʫ, ʦʙʤʝʞʝʥʘ 

ʢʫʩʢʦʚʦ-ʛʣʘʜʢʦʶ ʢʨʠʚʦʶ L. ʗʢʱʦ ʬʫʥʢʮʽʾ ),( yxP  ʪʘ ),( yxQ  ʥʝʧʝʨʝʨʚʥʽ ʨʘʟʦʤ ʟʽ 

ʩʚʦʾʤʠ ʯʘʩʪʠʥʥʠʤʠ ʧʦʭʽʜʥʠʤʠ 
x

Q

y

P

µ

µ

µ

µ
   ,  ʚ ʮʽʡ ʦʙʣʘʩʪʽ, ʪʦ ʩʧʨʘʚʜʞʫʻʪʴʩʷ ʬʦʨʤʫʣʘ 

ɻʨʽʥʘ, ʷʢʘ ʧʦʚôʷʟʫʻ ʢʨʠʚʦʣʽʥʽʡʥʠʡ ʽʥʪʝʛʨʘʣ ʜʨʫʛʦʛʦ ʨʦʜʫ ʟ ʧʦʜʚʽʡʥʠʤ ʽʥʪʝʛʨʘʣʦʤ: 

,),(),( ñññ öö
÷

õ
ææ
ç

å

µ

µ
-

µ

µ
=+

DL

dxdy
y

P

x

Q
dyyxQdxyxP                                (10) 

(ʪʫʪ ʽʥʪʝʛʨʫʚʘʥʥʷ ʟʘ ʢʦʥʪʫʨʦʤ L  ʚʠʢʦʥʫʻʪʴʩʷ ʫ ʜʦʜʘʪʥʦʤʫ ʥʘʧʨʷʤʽ). 
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ʇʨʠʢʣʘʜ 1. ʆʙʯʠʩʣʠʪʠ ,)()2(ñ ++-
L

dyyxdxyx  ʜʝ L  ī ʢʦʣʦ .222 Ryx =+   

ʈʦʟʚôʷʟʫʚʘʥʥʷ. 

ʆʩʢʽʣʴʢʠ ʢʨʠʚʘ ʽʥʪʝʛʨʫʚʘʥʥʷ ʟʘʤʢʥʝʥʘ, ʘ ʬʫʥʢʮʽʾ  yxQyxP +=-=   ,2  ʪʘ ʾʭ 

ʯʘʩʪʠʥʥʽ ʧʦʭʽʜʥʽ 1   ,2 =
µ

µ
-=

µ

µ

x

Q

y

P
 ʥʝʧʝʨʝʨʚʥʽ ʚ ʢʨʫʟʽ ,   222 RyxD ¢+  ʪʦ ʤʦʞʥʘ 

ʚʠʢʦʨʠʩʪʘʪʠ ʬʦʨʤʫʣʫ ɻʨʽʥʘ: 

.33))2(1()()2( 2Rdxdydxdydyyxdxyx
DDL

p==--=++- ñññññ  

 

ʇʨʠʢʣʘʜ 2. ʆʙʯʠʩʣʠʪʠ ñ -+-=
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xx dyyedxyyeI ,)1cos()sin(  ʜʝ ɸʆ ī ʚʝʨʭʥʻ 

ʧʽʚʢʦʣʦ   ,222 axyx =+   ɦ ʦ ʦʙʭʦʜʠʪʴʩʷ ʚʽʜ ʪʦʯʢʠ ɸ(2ʘ,0) ʜʦ ʪʦʯʢʠ ʆ(0,0) (ʨʠʩ. 51). 

ʈʦʟʚôʷʟʫʚʘʥʥʷ. 

ʆʩʢʽʣʴʢʠ ʢʨʠʚʘ ʥʝ ʟʘʤʢʥʝʥʘ, ʪʦ ʜʦʧʦʚʥʠʤʦ ʾʾ ʚʽʜʨʽʟʢʦʤ 
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3.4. ʅʝʟʘʣʝʞʥʽʩʪʴ ʢʨʠʚʦʣʽʥʽʡʥʦʛʦ ʽʥʪʝʛʨʘʣʘ 

ʜʨʫʛʦʛʦ ʨʦʜʫ ʚʽʜ ʬʦʨʤʠ ʰʣʷʭʫ ʽʥʪʝʛʨʫʚʘʥʥʷ 

 

ɿʥʘʯʝʥʥʷ ʢʨʠʚʦʣʽʥʽʡʥʠʭ ʽʥʪʝʛʨʘʣʽʚ ʜʨʫʛʦʛʦ ʨʦʜʫ ʤʦʞʝ ʟʘʣʝʞʘʪʠ ʚʽʜ ʪʦʛʦ, ʷʢʦʶ 

ʩʘʤʝ ʢʨʠʚʦʶ ʩʧʦʣʫʯʝʥʦ ʢʨʘʡʥʽ ʪʦʯʢʠ ʰʣʷʭʫ ʽʥʪʝʛʨʫʚʘʥʥʷ, ʘ ʤʦʞʝ ʥʝ ʟʘʣʝʞʘʪʠ. 

ʈʦʟʛʣʷʥʝʤʦ ʧʨʠʢʣʘʜ, ʱʦ ʽʣʶʩʪʨʫʻ ʮʶ ʚʣʘʩʪʠʚʽʩʪʴ. 

 

ʇʨʠʢʣʘʜ 1. ʆʙʯʠʩʣʠʪʠ ñ +=
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xydydxyI 22

1
 ʪʘ ñ +=

AB

dyydxI 22
 ʚʽʜ ʪʦʯʢʠ ɸ(0,0) ʜʦ 

ʪʦʯʢʠ ɺ(1,1) ʧʦ ʣʽʥʽʾ  ʘ),xy=   ʙ) ,2xy=   ʚ) 3 xy=  (ʨʠʩ. 52). 

ʈʦʟʚôʷʟʫʚʘʥʥʷ. 
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ʗʢʱʦ ʟʥʘʯʝʥʥʷ ʢʨʠʚʦʣʽʥʽʡʥʦʛʦ ʽʥʪʝʛʨʘʣʘ ʟʘʣʠʰʘʻʪʴʩʷ ʦʜʥʘʢʦʚʠʤ ʧʦ ʚʩʽʭ 

ʤʦʞʣʠʚʠʭ ʢʨʠʚʠʭ, ʷʢʽ ʩʧʦʣʫʯʘʶʪʴ ʢʽʥʮʝʚʽ ʪʦʯʢʠ ʢʨʠʚʦʾ ʽʥʪʝʛʨʫʚʘʥʥʷ, ʪʦ ʢʘʞʫʪʴ, ʱʦ 

ʢʨʠʚʦʣʽʥʽʡʥʠʡ ʽʥʪʝʛʨʘʣ ʥʝ ʟʘʣʝʞʠʪʴ ʚʽʜ ʬʦʨʤʠ ʰʣʷʭʫ ʽʥʪʝʛʨʫʚʘʥʥʷ. 



 54 

ʗʢʱʦ ʚ ʟʘʤʢʥʝʥʽʡ ʦʜʥʦʟʚôʷʟʥʽʡ ʦʙʣʘʩʪʽ D  ʬʫʥʢʮʽʾ ),( yxP  ʪʘ ),( yxQ  ʥʝʧʝʨʝʨʚʥʽ 

ʨʘʟʦʤ ʟʽ ʩʚʦʾʤʠ ʯʘʩʪʠʥʥʠʤʠ ʧʦʭʽʜʥʠʤʠ ,   ,
x

Q

y

P

µ

µ

µ

µ
 ʪʦ ʝʢʚʽʚʘʣʝʥʪʥʠʤʠ ʻ ʪʘʢʽ ʫʤʦʚʠ: 

1) ʜʣʷ ʜʦʚʽʣʴʥʦʾ ʟʘʤʢʥʝʥʦʾ ʢʫʩʢʦʚʦ-ʛʣʘʜʢʦʾ ʢʨʠʚʦʾ ʂ, ʱʦ ʥʘʣʝʞʠʪʴ ʦʙʣʘʩʪʽ ,D  

;0),(),( =+ñ
K

dyyxQdxyxP  

2) ʜʣʷ ʜʦʚʽʣʴʥʠʭ ʜʚʦʭ ʪʦʯʦʢ ɸ ʪʘ ɺ ʦʙʣʘʩʪʽ D  ʟʥʘʯʝʥʥʷ ʽʥʪʝʛʨʘʣʘ ñ +
AB

QdyPdx  ʥʝ 

ʟʘʣʝʞʠʪʴ ʚʽʜ ʬʦʨʤʠ ʰʣʷʭʫ ʽʥʪʝʛʨʫʚʘʥʥʷ, ʷʢʠʡ ʣʝʞʠʪʴ ʚ ʦʙʣʘʩʪʽ ;D  

3) ʽʩʥʫʻ ʪʘʢʘ ʬʫʥʢʮʽʷ ),,( yxu  ʚʠʟʥʘʯʝʥʘ ʚ ʦʙʣʘʩʪʽ ,D  ʱʦ ʚʠʨʘʟ QdyPdx+  ʻ ʾʾ 

ʧʦʚʥʠʤ ʜʠʬʝʨʝʥʮʽʘʣʦʤ:    ;),(),(),( dyyxQdxyxPyxdu +=  

4) ʚ ʫʩʽʭ ʪʦʯʢʘʭ ʦʙʣʘʩʪʽ D  ʚʠʢʦʥʫʻʪʴʩʷ ʨʽʚʥʽʩʪʴ: .
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ɿʘʫʚʘʞʝʥʥʷ 1. ʍʦʯʘ ʚʩʽ ʯʦʪʠʨʠ ʫʤʦʚʠ ʝʢʚʽʚʘʣʝʥʪʽ, ʪʦʙʪʦ ʚʠʢʦʥʘʥʥʷ ʷʢʦ-ʾʥʝʙʫʜʴ 

ʦʜʥʽʻʾ ʟ ʥʠʭ ʪʷʛʥʝ ʟʘ ʩʦʙʦʶ ʚʠʢʦʥʘʥʥʷ ʦʩʪʘʥʥʽʭ ʪʨʴʦʭ, ʧʨʦʪʝ ʜʣʷ ʟʘʩʪʦʩʫʚʘʥʴ 

ʥʘʡʙʽʣʴʰ ʟʨʫʯʥʦʶ ʥʝʦʙʭʽʜʥʦʶ ʽ ʜʦʩʪʘʪʥʴʦʶ ʫʤʦʚʦʶ, ʟʘ ʷʢʦʾ ʢʨʠʚʦʣʽʥʽʡʥʠʡ ʽʥʪʝʛʨʘʣ 

ʥʝ ʟʘʣʝʞʠʪʴ ʚʽʜ ʰʣʷʭʫ ʽʥʪʝʛʨʫʚʘʥʥʷ, ʻ ʫʤʦʚʘ 4). ʏʘʩʪʦ ʽʥʪʝʛʨʘʣ, ʷʢʠʡ ʥʝ ʟʘʣʝʞʠʪʴ ʚʽʜ 

ʰʣʷʭʫ ʽʥʪʝʛʨʫʚʘʥʥʷ ʧʦʟʥʘʯʘʶʪʴ 

.),(),(
),(

),(

11

00

ñ +
yx

yx

dyyxQdxyxP  

ɿʘʫʚʘʞʝʥʥʷ 2. ʌʫʥʢʮʽʶ ),( yxu  ʟ ʫʤʦʚʠ 3) ʤʦʞʥʘ ʟʥʘʡʪʠ ʟʘ ʬʦʨʤʫʣʦʶ 

,),(),(),(
),(

),( 00

CdyyxQdxyxPyxu
yx

yx

++= ñ                                    (11) 

   

ʜʝ ʽʥʪʝʛʨʘʣ ʙʝʨʝʪʴʩʷ ʧʦ ʜʦʚʽʣʴʥʽʡ ʢʨʠʚʽʡ ,L  ʱʦ ʣʝʞʠʪʴ 

ʚ ʦʙʣʘʩʪʽ D  ʽ ʟôʻʜʥʫʻ ʜʝʷʢʫ ʬʽʢʩʦʚʘʥʫ ʪʦʯʢʫ ),( 00 yx  ʟ  

ñʙʽʞʫʯʦʶò ʪʦʯʢʦʶ ),,( yx  ʉ ī ʜʦʚʽʣʴʥʘ ʩʪʘʣʘ. ɺ ʷʢʦʩʪʽ 

ʢʨʠʚʦʾ ʽʥʪʝʛʨʫʚʘʥʥʷ ʟʨʫʯʥʦ ʚʠʙʠʨʘʪʠ ʣʘʤʘʥʫ, ʷʢʘ 

ʩʢʣʘʜʘʻʪʴʩʷ ʟ ʜʚʦʭ ʚʽʜʨʽʟʢʽʚ, ʧʘʨʘʣʝʣʴʥʠʭ ʜʦ 

ʢʦʦʨʜʠʥʘʪʥʠʭ ʦʩʝʡ, ʙʦ ʥʘ ʢʦʞʥʦʤʫ ʟ ʥʠʭ ʦʜʥʘ ʯʘʩʪʠʥʘ 

ʽʥʪʝʛʨʘʣʘ ʜʦʨʽʚʥʶʻ ʥʫʣʶ (ʨʠʩ. 53).  
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     0                                      ʭ  

 

ʈʠʩ. 53. 



 55 

ʅʘʧʨʠʢʣʘʜ, ʷʢʱʦ ʽʥʪʝʛʨʫʚʘʪʠ ʧʦ ʣʘʤʘʥʽʡ ,0NMM  ʪʦ 

.),(),(),(
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0 CdyyxQdxyxPyxu
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y
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x

++= ññ                                 (12) 

ʗʢʱʦ ʞ ʽʥʪʝʛʨʫʚʘʪʠ ʧʦ ʣʘʤʘʥʽʡ ,0KMM  ʪʦ 
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ɿʘʫʚʘʞʝʥʥʷ 3. ʋʤʦʚʠ 
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    ,    ,                                         (13) 

ʻ ʥʝʦʙʭʽʜʥʠʤʠ ʽ ʜʦʩʪʘʪʥʽʤʠ ʜʣʷ ʪʦʛʦ, ʱʦʙ: 

 ʘ) ʽʥʪʝʛʨʘʣ dzzyxRdyzyxQdxzyxP
AB

),,(),,(),,( ++ñ  ʧʦ ʧʨʦʩʪʦʨʦʚʽʡ ʢʨʠʚʽʡ ɸɺ ʥʝ 

ʟʘʣʝʞʘʚ ʚʽʜ ʬʦʨʤʠ ʰʣʷʭʫ ʽʥʪʝʛʨʫʚʘʥʥʷ ʤʽʞ ʪʦʯʢʘʤʠ ɸ ʪʘ ɺ; 

ʙ) ʧʽʜʽʥʪʝʛʨʘʣʴʥʠʡ ʚʠʨʘʟ RdzQdyPdx ++  ʙʫʚ ʧʦʚʥʠʤ ʜʠʬʝʨʝʥʮʽʘʣʦʤ ʜʝʷʢʦʾ 

ʬʫʥʢʮʽʾ ʪʨʴʦʭ ʟʤʽʥʥʠʭ ),,,( zyxu  ʷʢʫ ʤʦʞʥʘ ʟʥʘʡʪʠ ʟʘ ʬʦʨʤʫʣʦʶ: 
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ʇʨʠʢʣʘʜ 2. ʆʙʯʠʩʣʠʪʠ ñ --
AB

xydydxyx 2)( 22  ʚʽʜ ʪʦʯʢʠ ɸ(0,0) ʜʦ ʪʦʯʢʠ ɺ(1,1). 

ʈʦʟʚôʷʟʫʚʘʥʥʷ. 
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ʋʤʦʚʘ 4) ʚʠʢʦʥʫʻʪʴʩʷ ʚ ʫʩʽʭ ʪʦʯʢʘʭ ʧʣʦʱʠʥʠ ʆʭʫ, ʪʦʤʫ 

ʽʥʪʝʛʨʘʣ ʥʝ ʟʘʣʝʞʠʪʴ ʚʽʜ ʬʦʨʤʠ ʢʨʠʚʦʾ, ʱʦ ʟôʻʜʥʫʻ ʪʦʯʢʠ 

ɸ(0,0) ʪʘ ɺ(1,1) (ʨʠʩ. 54). ʆʙʯʠʩʣʠʤʦ ʡʦʛʦ ʜʚʦʤʘ 

ʩʧʦʩʦʙʘʤʠ: 

 ɯ ʩʧʦʩʽʙ.  
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ɯɯ ʩʧʦʩʽʙ.  

ʆʙʯʠʩʣʠʤʦ ʽʥʪʝʛʨʘʣ ʧʦ ʣʘʤʘʥʽʡ ɸʉɺ. ʅʘ ʚʽʜʨʽʟʢʫ ɸʉ ʤʘʻʤʦ 

;10  ,0  ,0 ¢¢== xdyy  ʥʘ ʚʽʜʨʽʟʢʫ ʉɺ: .10  ,0  ,1 ¢¢== ydxx  
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ʇʨʠʢʣʘʜ 3. ʆʙʯʠʩʣʠʪʠ ,
22ñ +
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ʈʦʟʚôʷʟʫʚʘʥʥʷ. 
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ʥʝʧʝʨʝʨʚʥʽ ʧʨʠ .022 ¸+yx  ʆʪʞʝ, ʫʤʦʚʘ 4) ʚʠʢʦʥʫʻʪʴʩʷ ʚ ʫʩʽʭ ʪʦʯʢʘʭ122 ¢+yx , ʟʘ 

ʚʠʥʷʪʢʦʤ ʪʦʯʢʠ (0,0). ʂʨʫʛ ʟ ʚʠʢʦʣʦʪʠʤ ʮʝʥʪʨʦʤ ʥʝ ʙʫʜʝ ʦʜʥʦʟʚôʷʟʥʦʶ ʦʙʣʘʩʪʶ, 

ʪʦʤʫ ʟ ʫʤʦʚʠ 4) ʥʝ ʚʠʧʣʠʚʘʻ ʫʤʦʚʘ 2), ʪʦʙʪʦ, ʽʥʪʝʛʨʘʣ ʧʦ ʟʘʤʢʥʝʥʦʤʫ ʢʦʥʪʫʨʫ ʥʝ 
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ʇʨʠʢʣʘʜ 4. ɺʧʝʚʥʠʪʠʩʴ, ʱʦ ʚʠʨʘʟ dyxydxyx )62()132( 2 -++-   ʻ ʧʦʚʥʠʤ 

ʜʠʬʝʨʝʥʮʽʘʣʦʤ ʜʝʷʢʦʾ ʬʫʥʢʮʽʾ  ),( yxu ʪʘ ʟʥʘʡʪʠ ʮʶ ʬʫʥʢʮʽʶ. 

ʈʦʟʚôʷʟʫʚʘʥʥʷ. 
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ʆʩʢʽʴʢʠ ʽ ʬʫʥʢʮʽʾ, ʽ ʯʘʩʪʠʥʥʽ ʧʦʭʽʜʥʽ ʚʠʟʥʘʯʝʥʽ ʽ ʥʝʧʝʨʝʨʚʥʽ, ʪʦ ʚʠʨʘʟ ʻ ʧʦʚʥʠʤ 
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ʇʨʠʢʣʘʜ 5. ɿʥʘʡʪʠ ʬʫʥʢʮʽʶ ),,( zyxu  ʟʘ ʾʾ ʧʦʚʥʠʤ ʜʠʬʝʨʝʥʮʽʘʣʦʤ  

.)3()2()23( 222 dzzydyzyxdxxyxdu ++++++=  

ʈʦʟʚôʷʟʫʚʘʥʥʷ. 
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ʜʘʥʠʡ ʚʠʨʘʟ ʻ ʧʦʚʥʠʤ ʜʠʬʝʨʝʥʮʽʘʣʦʤ ʜʝʷʢʦʾ ʬʫʥʢʮʽʾ ).,,( zyxu  

ʊʦʜʽ, ʟʘ ʬʦʨʤʫʣʦʶ (14) ʧʨʠ :)0,0,0(),,( 000 =zyx  

.)3()2(3

)3()2()23(),,(

3223

0

2

0

2

0

2

),,(

)0,0,0(

222

Czyzyyxxdzzydyyxdxx

Cdzzydyzyxdxxyxzyxu

zyx

zyx

+++++=++++=

=+++++++=

ñññ

ñ
 

 

 

3.5. ɿʘʩʪʦʩʫʚʘʥʥʷ ʢʨʠʚʦʣʽʥʽʡʥʠʭ ʽʥʪʝʛʨʘʣʽʚ 

ʚ ʟʘʜʘʯʘʭ ʛʝʦʤʝʪʨʽʾ ʪʘ ʤʝʭʘʥʽʢʠ 

 

ɻʝʦʤʝʪʨʽʷ. 

1. ɼʦʚʞʠʥʘ ʜʫʛʠ ʢʨʠʚʦʾ ɸɺ: 

. ñ=
AB

dL ?                                                    (15) 

    z                     
                                                                                                                  
                
                                                                                                                         

                                                                                                                          ),( yxfz=  

                        

     
 

 

                                 ɺ   ʫ 

      ʭ       ɸ  
 

ʈʠʩ. 55. 

2. ʇʣʦʱʘ ʮʠʣʽʥʜʨʠʯʥʦʾ ʧʦʚʝʨʭʥʽ ʟ ʪʚʽʨʥʠʤʠ, 

ʧʘʨʘʣʝʣʴʥʠʤʠ ʜʦ ʦʩʽ ʆz, ʷʢʘ ʟʥʠʟʫ ʦʙʤʝʞʝʥʘ ʜʫʛʦʶ ɸɺ, 

ʘ ʟʚʝʨʭʫ ī ʣʽʥʽʻʶ ʧʝʨʝʪʠʥʫ ʮʠʣʽʥʜʨʠʯʥʦʾ ʧʦʚʝʨʭʥʽ ʟ 

ʧʦʚʝʨʭʥʝʶ ),( yxfz=   (ʨʠʩ. 55): 

.),(  ñ=
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dyxfP ?                         (16) 

 

 

3. ʇʣʦʱʘ ʧʣʦʩʢʦʾ ʦʙʣʘʩʪʽ, ʦʙʤʝʞʝʥʦʾ ʢʦʥʪʫʨʦʤ :L  

.
2

1
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L
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ʇʨʠʢʣʘʜ 1. ɿʥʘʡʪʠ ʧʣʦʱʫ ʯʘʩʪʠʥʠ ʮʠʣʽʥʜʨʠʯʥʦʾ ʧʦʚʝʨʭʥʽ ,422 =+yx  ʱʦ  

   

ʟʥʘʭʦʜʠʪʴʩʷ ʤʽʞ ʧʣʦʱʠʥʦʶ ʆʭʫ ʪʘ ʧʦʚʝʨʭʥʝʶ 
2

2
2x

z +=  

(ʨʠʩ. 56). 

ʈʦʟʚôʷʟʫʚʘʥʥʷ. 

ʉʢʦʨʠʩʪʘʻʤʦʩʴ ʬʦʨʤʫʣʦʶ (16): 

,
2

2  

2

ñ öö
÷

õ
ææ
ç

å
+=

L

d
x

P ? 

ʜʝ L  ī ʢʦʣʦ ʚ ʧʣʦʱʠʥʽ ʆʭʫ: ,0   ,422 ==+ zyx  ʧʘʨʘ- 

ʤʝʪʨʠʯʥʽ ʨʽʚʥʷʥʥʷ ʷʢʦʛʦ .20   ,sin2   ,cos2 p¢¢== ttytx  
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2
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ʈʠʩ. 56. 

ʊʦʜʽ dtd 2 =?  ʽ  

.12)2cos26(2)cos22(
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2
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2
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÷

õ
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å
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ʇʨʠʢʣʘʜ 2. ɿʥʘʡʪʠ ʧʣʦʱʫ ʬʽʛʫʨʠ, ʦʙʤʝʞʝʥʦʾ ʧʝʪʣʝʶ 0223 =-+ yxx  (ʨʠʩ. 57). 

   

ʈʦʟʚôʷʟʫʚʘʥʥʷ. 

ɿ ʨʽʚʥʷʥʥʷ ʢʨʠʚʦʾ ʤʘʻʤʦ ,1 +°= xxy  ʪʦʙʪʦ ʢʨʠʚʘ 

ʩʠʤʝʪʨʠʯʥʘ ʚʽʜʥʦʩʥʦ ʦʩʽ ʆʭ ʽ ʧʝʨʝʪʠʥʘʻ ʾʾ ʫ ʪʦʯʢʘʭ 0=x ʪʘ 

.1-=x  ʆʙʠʜʚʽ ʬʫʥʢʮʽʾ  1+°= xxy  ʚʠʟʥʘʯʝʥʽ ʧʨʠ,1-²x  

ʘ ʧʨʠ .  , °¤¤ yx  ʇʝʨʝʡʜʝʤʦ ʜʦ ʧʘʨʘʤʝʪʨʠʯʥʠʭ 

ʨʽʚʥʷʥʴ  ʢʨʠʚʦʾ,  ʧʦʢʣʘʚʰʠ  .xty=   ʊʦʜʽ  ʟ  ʨʽʚʥʷʥʥʷ  ʢʨʠʚʦʾ  
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2-    0               ʭ    

 

 

ʈʠʩ. 57. 

 

ʤʘʻʤʦ ,   ,1   , 322223 ttytxtxxx -=-==+  ʜʝ ʜʣ̫ ʜʘʥʦʾ ʧʝʪʣʽ .11 ¢¢- t  

ʆʪʞʝ, ʟʘ ʬʦʨʤʫʣʦʶ (17): 
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ʄʝʭʘʥʽʢʘ. 

1. ʄʘʩʘ ʥʝʦʜʥʦʨʽʜʥʦʾ ʢʨʠʚʦʾ L  ʟ ʣʽʥʽʡʥʦʶ ʛʫʩʪʠʥʦʶ ),( yxg : 

.),(  ñg=
L

dyxm ?                                                    (18) 

2. ʉʪʘʪʠʯʥʽ ʤʦʤʝʥʪʠ ʥʝʦʜʥʦʨʽʜʥʦʾ ʢʨʠʚʦʾ L  ʚʽʜʥʦʩʥʦ ʦʩʝʡ ʆʭ ʪʘ ʆʫ: 

.),(   ,),(    ññ g=g=
L

y

L

x dyxxMdyxyM ??                                  (19) 

3. ʂʦʦʨʜʠʥʘʪʠ ʮʝʥʪʨʘ ʤʘʩʠ ʥʝʦʜʥʦʨʽʜʥʦʾ ʢʨʠʚʦʾ L :  
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Lx
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c
dyx

dyxy
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dyx

dyxx
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M
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                      (20) 

4. ʄʦʤʝʥʪʠ ʽʥʝʨʮʽʾ ʥʝʦʜʥʦʨʽʜʥʦʾ ʢʨʠʚʦʾ L  ʚʽʜʥʦʩʥʦ ʢʦʦʨʜʠʥʘʪʥʠʭ ʦʩʝʡ ʪʘ 

ʧʦʯʘʪʢʫ ʢʦʦʨʜʠʥʘʪ:  

                      .),()(   ,),(    ,),( 22

0

22

ñññ g+=g=g=
LL

y

L

x dyxyxIdyxxIdyxyI ???             (21) 

ɸʥʘʣʦʛʽʯʥʽ ʜʦ (18)ī(21) ʬʦʨʤʫʣʠ ʤʦʞʥʘ ʟʘʧʠʩʘʪʠ ʽ ʜʣʷ ʧʨʦʩʪʦʨʦʚʦʾ ʢʨʠʚʦʾ, 

ʧʨʠʯʦʤʫ ʤʦʤʝʥʪʠ ʽʥʝʨʮʽʾ ʧʨʦʩʪʦʨʦʚʦʾ ʢʨʠʚʦʾ ʧʦʚôʷʟʘʥʽ ʩʧʽʚʚʽʜʥʦʰʝʥʥʷʤʠ 

.     ,  2 00 xzyzxyzyx IIIIIIII ++=++=                                   (22) 

5. ʈʦʙʦʪʘ ʟʤʽʥʥʦʾ ʩʠʣʠ  jyxQiyxPyxF Ö+Ö= ),(),(),(    ʧʨʠ ʧʝʨʝʤʽʱʝʥʥʽ ʪʦʯʢʠ ʧʦ 

ʢʨʠʚʦʣʽʥʽʡʥʦʤʫ ʰʣʷʭʫ ɸɺ: 

.),(),( dyyxQdxyxPA
AB

+=ñ                                            (23) 

ʗʢʱʦ ʧʽʜ ʜʽʻʶ ʩʠʣʠ  kRjQiPF Ö+Ö+Ö=  ʪʦʯʢʘ ʧʝʨʝʤʽʱʘʻʪʴʩʷ ʧʦ ʧʨʦʩʪʦʨʦʚʽʡ 

ʢʨʠʚʽʡ ɸɺ, ʪʦ ʨʦʙʦʪʘ dzzyxRdyzyxQdxzyxPA
AB

),,(),,(),,( ++=ñ . 

 

ʇʨʠʢʣʘʜ 3. ɿʥʘʡʪʠ ʤʘʩʫ ʽ ʢʦʦʨʜʠʥʘʪʠ ʮʝʥʪʨʘ ʤʘʩʠ ʧʣʦʩʢʦʾ ʤʘʪʝʨʽʘʣʴʥʦʾ ʜʫʛʠ 

,10  ,
3

2
2

3

¢¢= xxy  ʣʽʥʽʡʥʘ ʛʫʩʪʠʥʘ ʷʢʦʾ . 1),( +=g xyyx  

ʈʦʟʚôʷʟʫʚʘʥʥʷ. 

ɿʘ ʬʦʨʤʫʣʦʶ (18): 
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ɿʘ ʬʦʨʤʫʣʘʤʠ (20): 
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ʇʨʠʢʣʘʜ 4. ɿʥʘʡʪʠ ʢʦʦʨʜʠʥʘʪʠ ʮʝʥʪʨʘ ʤʘʩʠ ʧʝʨʰʦʛʦ ʧʽʚʚʠʪʢʘ ʛʚʠʥʪʦʚʦʾ ʣʽʥʽʾ 

,0   ,   ,sin   ,cos p¢¢=== tbtztaytax    ʷʢʱʦ   ʾʾ   ʛʫʩʪʠʥʘ  g ʩʪʘʣʘ.  

ʈʦʟʚôʷʟʫʚʘʥʥʷ. 

ɿʥʘʡʜʝʤʦ ʤʘʩʫ ʢʨʠʚʦʾ: 
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ɼʣʷ ʢʦʦʨʜʠʥʘʪ ʮʝʥʪʨʘ ʤʘʩʠ ʧʨʦʩʪʦʨʦʚʦʾ ʦʜʥʦʨʽʜʥʦʾ ʢʨʠʚʦʾ ʤʘʻʤʦ ʬʦʨʤʫʣʠ: 
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ʇʨʠʢʣʘʜ 5. ɿʥʘʡʪʠ ʤʦʤʝʥʪʠ ʽʥʝʨʮʽʾ ʚʽʜʥʦʩʥʦ ʢʦʦʨʜʠʥʘʪʥʠʭ ʦʩʝʡ ʦʜʥʦʨʽʜʥʦʛʦ (

1=g ) ʚʽʜʨʽʟʢʘ ʧʨʷʤʦʾ ,324 =+ yx  ʱʦ ʣʝʞʠʪʴ ʤʽʞ ʪʦʯʢʘʤʠ ö
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õ
æ
ç
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,0  ʪʘ ö
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õ
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å
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2

5
,2 .  

ʈʦʟʚôʷʟʫʚʘʥʥʷ. 

ʈʽʚʥʷʥʥʷ ʧʨʷʤʦʾ .20    ,
2

3
2 ¢¢+-= xxy  ɿʥʘʡʜʝʤʦ .5dxd =?   

ʆʪʞʝ ʟʘ ʬʦʨʤʫʣʘʤʠ (21): 
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ʇʨʠʢʣʘʜ 6. ɿʥʘʡʪʠ ʤʦʤʝʥʪ ʽʥʝʨʮʽʾ ʚʽʜʥʦʩʥʦ ʜʽʘʤʝʪʨʘ ʦʜʥʦʨʽʜʥʦʛʦ (1=g ) ʢʦʣʘ 

ʨʘʜʽʫʩʘ ʘ. 

ʈʦʟʚôʷʟʫʚʘʥʥʷ.  

ɺʠʙʝʨʝʤʦ ʩʠʩʪʝʤʫ ʢʦʦʨʜʠʥʘʪ ʟ ʧʦʯʘʪʢʦʤ ʫ ʮʝʥʪʨʽ ʢʦʣʘ. ʊʦʜʽ ʧʘʨʘʤʝʪʨʠʯʥʽ 

ʨʽʚʥʷʥʥʷ ʢʦʣʘ: .20   ,sin   ,cos p¢¢== ttaytax  ʆʩʢʽʣʴʢʠ ʢʦʣʦ ʦʜʥʦʨʽʜʥʝ, ʪʦ ʤʦʤʝʥʪ 

ʚʽʜʥʦʩʥʦ ʜʦʚʽʣʴʥʦʾ ʟ ʢʦʦʨʜʠʥʘʪʥʠʭ ʦʩʝʡ ʤʦʞʥʘ ʚʚʘʞʘʪʠ ʤʦʤʝʥʪʦʤ ʚʽʜʥʦʩʥʦ 

ʜʽʘʤʝʪʨʘ. ʊʦʤʫ 
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ʇʨʠʢʣʘʜ 7. ɿʥʘʡʪʠ ʨʦʙʦʪʫ ʩʠʣʠ  jyxixyF Ö++Ö= )(    ʧʨʠ ʧʝʨʝʤʽʱʝʥʥʽ ʪʦʯʢʠ ʧʦ 

ʧʘʨʘʙʦʣʽ 2xy=  ʽʟ ʪʦʯʢʠ (0,0) ʫ ʪʦʯʢʫ (1,1). 

ʈʦʟʚôʷʟʫʚʘʥʥʷ.  

ɿʘ ʬʦʨʤʫʣʦʶ (23): 
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ʇʨʠʢʣʘʜ 8. ɿʥʘʡʪʠ ʨʦʙʦʪʫ ʩʠʣʠ  kxyjxziyzF Ö+Ö+Ö=  ʚʟʜʦʚʞ ʚʽʜʨʽʟʢʘ 

ʧʨʷʤʦʾ, ʱʦ ʟôʻʜʥʫʻ  ʪʦʯʢʠ (1,1,1) ʪʘ (2,3,4). 

ʈʦʟʚôʷʟʫʚʘʥʥʷ.  

ɿʘʧʠʰʝʤʦ ʨʽʚʥʷʥʥʷ ʧʨʷʤʦʾ, ʱʦ ʧʨʦʭʦʜʠʪʴ ʯʝʨʝʟ ʜʚʽ ʪʦʯʢʠ ,
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ʾʾ ʧʘʨʘʤʝʪʨʠʯʥʽ ʨʽʚʥʷʥʥʷ .10   ,31   ,21   ,1 ¢¢+=+=+= ttztytx  ʊʦʜʽ ʨʦʙʦʪʘ: 



 62 

.23)62218(

]3)21)(1(2)31)(1()31)(21[(

1

0

2

1

0

=++=

=Ö+++Ö+++++=++=

ñ

ññ

dttt

dtttttttxydzxzdyyzdxA
L

 

 

ɿʘʚʜʘʥʥʷ ʜʣʷ ʩʘʤʦʩʪʽʡʥʦʾ ʨʦʙʦʪʠ 

 

1. ʆʙʯʠʩʣʠʪʠ ʢʨʠʚʦʣʽʥʽʡʥʽ ʽʥʪʝʛʨʘʣʠ ʧʝʨʰʦʛʦ ʨʦʜʫ: 
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ñ +-  ʜʝ L  ī ʧʝʨʰʠʡ ʚʠʪʦʢ ʢʦʥʽʯʥʦʾ ʛʚʠʥʪʦʚʦʾ ʣʽʥʽʾ  

;20  ,   ,sin   ,cos p¢¢=== ttzttyttx  
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ʛ) ,
52

1
?d

yxAB

ñ
++

 ʜʝ AB ī ʚʽʜʨʽʟʦʢ ʧʨʷʤʦʾ, ʱʦ ʟôʻʜʥʫʻ ʪʦʯʢʠ ɸ(0,ī2) ʪʘ ɺ(1,0). 

2. ʆʙʯʠʩʣʠʪʠ ʢʨʠʚʦʣʽʥʽʡʥʽ ʽʥʪʝʛʨʘʣʠ ʜʨʫʛʦʛʦ ʨʦʜʫ: 

ʘ) ,)4()4(ñ +++
AB

dyyxdxyx  ʜʝ AB ʟʘʜʘʥʘ ʨʽʚʥʷʥʥʷʤ 4xy=  ʚʽʜ ɸ(1,1) ʪʘ ɺ(ī1,1); 

ʙ) ,2)( 222

ñ -+-
L

dzxyzdydxzy  ʜʝ L  ī ʢʨʠʚʘ ,10  ,   ,   , 32 ¢¢=== ttztytx  ʷʢʘ 

ʦʙʭʦʜʠʪʴʩʷ ʫ ʥʘʧʨʷʤʽ ʟʨʦʩʪʘʥʥʷ t; 

ʚ) ñ -+-+-
L

dzyxdyxzdxzy )()()( 222222
 ʚʟʜʦʚʞ ʟʘʤʢʥʝʥʦʛʦ ʢʦʥʪʫʨʘ, ʷʢʠʡ ʻ 

ʛʨʘʥʠʮʝʶ ʯʘʩʪʠʥʠ ʩʬʝʨʠ 1222 =++ zyx , ʨʦʟʤʽʱʝʥʦʾ ʚ ʧʝʨʰʦʤʫ ʦʢʪʘʥʪʽ, 

ʧʨʠʯʦʤʫ ʥʘʧʨʷʤ ʦʙʭʦʜʫ ʪʘʢʠʡ, ʱʦ ʨʫʭ ʫ ʧʣʦʱʠʥʽ ʆʭʫ ʚʽʜʙʫʚʘʻʪʴʩʷ ʚʽʜ ʪʦʯʢʠ 

ɸ(1,0,0) ʜʦ ɺ(0,1,0); 

ʛ) ,)()( 2222

ñ -++
L

dyyxdxyx  ʜʝ L  ī ʢʨʠʚʘ .20  ,11 ¢¢--= xxy  

3. ɺʠʢʦʨʠʩʪʦʚʫʶʯʠ ʬʦʨʤʫʣʫ ɻʨʽʥʘ, ʦʙʯʠʩʣʠʪʠ ʽʥʪʝʛʨʘʣʠ: 

ʘ) ,)( 22

ñ ++
L

dyyxdxy  ʜʝ L  ī ʢʦʥʪʫʨ ʪʨʠʢʫʪʥʠʢʘ ʟ ʚʝʨʰʠʥʘʤʠ (3,0), (3,3) ʪʘ (0,3); 
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ʙ) ,)2sin2(cos
22

ñ ++

L

yx xydyxydxe  ʜʝ L  ī ʢʦʣʦ .222 Ryx =+  

4.ʆʙʯʠʩʣʠʪʠ ʽʥʪʝʛʨʘʣʠ: 

ʘ)  ;)()(
)3,2(

)1,0(

ñ -++ dyyxdxyx  

ʙ)  ñ
-)2,1(

)1,2(
2x

xdyydx
  (ʧʦ ʢʨʠʚʽʡ, ʱʦ ʥʝ ʧʝʨʝʪʠʥʘʻ ʚʽʩʴ ʆʫ). 

5. ɿʥʘʡʪʠ ʬʫʥʢʮʽʶ ),( yxu  ʟʘ ʾʾ ʧʦʚʥʠʤ ʜʠʬʝʨʝʥʮʽʘʣʦʤ: 

ʘ)  ;)2()2(),( 2222 dyyxyxdxyxyxyxdu --+-+=  

ʙ)  ;10
1

1
1

),(
2222

dy
yx

x
dx

yx

y
yxdu öö

÷

õ
ææ
ç

å
-

+
+öö

÷

õ
ææ
ç

å
-

+
=  

ʚ)  .)2()2()2(),,( dzzyxxydyzyxxzdxzyxyzzyxdu ++++++++=  

6. ɿʥʘʡʪʠ ʜʦʚʞʠʥʫ ʜʫʛʠ ʢʦʥʽʯʥʦʾ ʛʚʠʥʪʦʚʦʾ ʣʽʥʽʾ ttt aeztaeytaex ===   ,sin  ,cos  ʚʽʜ 

ʪʦʯʢʠ ʆ(0,0,0) ʜʦ ʪʦʯʢʠ ɸ(ʘ,0,ʘ). 

7. ɿʥʘʡʪʠ ʧʣʦʱʫ ʯʘʩʪʠʥʠ ʮʠʣʽʥʜʨʠʯʥʦʾ ʧʦʚʝʨʭʥʽ ,222 Ryx =+ ʱʦ ʟʥʘʭʦʜʠʪʴʩʷ ʤʽʞ 

ʧʣʦʱʠʥʦʶ ʆʭʫ ʽ ʧʦʚʝʨʭʥʝʶ .2 xyRz=  

8. ɿʥʘʡʪʠ ʧʣʦʱʫ ʯʘʩʪʠʥʠ ʧʦʚʝʨʭʥʽ ʮʠʣʽʥʜʨʘ ,22 Rxyx =+  ʱʦ ʟʥʘʭʦʜʠʪʴʩʷ ʚʩʝʨʝʜʠʥʽ 

ʩʬʝʨʠ .2222 Rzyx =++  

9. ɿʘ ʜʦʧʦʤʦʛʦʶ ʢʨʠʚʦʣʽʥʽʡʥʦʛʦ ʽʥʪʝʛʨʘʣʘ ʜʨʫʛʦʛʦ ʨʦʜʫ ʟʥʘʡʪʠ ʧʣʦʱʫ ʬʽʛʫʨʠ, 

ʦʙʤʝʞʝʥʦʾ: 

 ʘ)  ʘʩʪʨʦʾʜʦʶ t;sin  ,cos 33 aytax ==   

ʙ)  ʛʽʧʝʨʙʦʣʦʶ ,1=yx  ʚʽʩʩʶ ʆʭ ʽ ʧʨʷʤʠʤʠ 1=x  ʪʘ ;2=x  

ʚ)  ʢʦʣʦʤ 422 =+yx  ʽ ʧʘʨʘʙʦʣʦʶ yx -=22 (ʦʙʣʘʩʪʴ ʤʽʩʪʠʪʴ ʧʦʯʘʪʦʢ ʢʦʦʨʜʠʥʘʪ). 

10. ɿʥʘʡʪʠ ʤʘʩʫ ʤʘʪʝʨʽʘʣʴʥʦʾ ʢʨʠʚʦʾ L  ʟ ʣʽʥʽʡʥʦʶ ʛʫʩʪʠʥʦʶ :),,( zyxg  

ʘ)  :L  ʧʦʣʦʚʠʥʘ ʜʫʛʠ ʝʣʽʧʩʘ ,1
49

22

=+
yx

 ʜʣʷ ʷʢʦʾ ;)(   0, yx,yy -=g<   

ʙ)  :L  ʜʫʛʘ ʢʨʠʚʦʾ xy ln=  ʚʽʜ ʪʦʯʢʠ 31=x  ʜʦ ʪʦʯʢʠ ;)(   ,8 2

2 xx,yx =g=  

ʚ)  :L  .)(  ,10  ,2  ,)1ln( 2 xyex,yttarctgtytx -=g¢¢-=+=  

11. ɿʥʘʡʪʠ ʢʦʦʨʜʠʥʘʪʠ ʮʝʥʪʨʘ ʤʘʩʠ 
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ʘ)  ʦʜʥʦʨʽʜʥʦʾ ʧʝʨʰʦʾ ʧʽʚʘʨʢʠ ʮʠʢʣʦʾʜʠ ;0  ,)cos1(  ,)sin( p¢¢-=-= ttayttax  

ʙ)  ʦʜʥʦʨʽʜʥʦʾ ʤʝʥʰʦʾ ʜʫʛʠ ʢʦʣʘ ,422 =+yx  ʱʦ ʟôʻʜʥʫʻ ʪʦʯʢʠ ɸ(2,0) ʪʘ ɺ(ī1, 3); 

ʚ) ʢʦʥʪʫʨʘ  ʦʜʥʦʨʽʜʥʦʛʦ  ʩʬʝʨʠʯʥʦʛʦ  ʪʨʠʢʫʪʥʠʢʘ  ,0  ,2222 ²=++ xazyx   

.0  ,0 ²² zy  

ʛ)  ʦʜʥʦʨʽʜʥʦʾ ʢʨʠʚʦʾ  .0   , axayx ¢¢=+  

12. ɿʥʘʡʪʠ ʩʪʘʪʠʯʥʽ ʤʦʤʝʥʪʠ ʄʭ ʪʘ ʄʫ  ʚʽʜʥʦʩʥʦ ʢʦʦʨʜʠʥʘʪʥʠʭ ʦʩʝʡ ʦʜʥʦʨʽʜʥʦʾ 

)1( =g  ʜʫʛʠ ʘʩʪʨʦʾʜʠ .0  ,0   ,3

2

3

2

3

2

²²=+ yxayx  

13. ɿʥʘʡʪʠ ʤʦʤʝʥʪ ʽʥʝʨʮʽʾ ʚʽʜʥʦʩʥʦ ʦʩʽ ʆz ʧʝʨʰʦʛʦ ʚʠʪʢʘ ʦʜʥʦʨʽʜʥʦʾ )1( =g  ʣʽʥʽʾ 

.  t,sin  ,cos btzaytax ===   

14. ɿʥʘʡʪʠ ʤʦʤʝʥʪ ʽʥʝʨʮʽʾ ʚʽʜʥʦʩʥʦ ʧʦʯʘʪʢʫ ʢʦʦʨʜʠʥʘʪ ʦʜʥʦʨʽʜʥʦʛʦ )1( =g  ʢʦʥʪʫʨʘ 

ʢʚʘʜʨʘʪʘ ʟʽ ʩʪʦʨʦʥʘʤʠ .  , ayax °=°=  

15. ɿʥʘʡʪʠ ʩʪʘʪʠʯʥʠʡ ʤʦʤʝʥʪ ʚʽʜʥʦʩʥʦ ʦʩʽ ʆʫ ʦʜʥʦʨʽʜʥʦʾ )1( =g  ʜʫʛʠ ʧʝʨʰʦʛʦ ʚʠʪʢʘ 

ʣʝʤʥʽʩʢʘʪʠ ɹʝʨʥʫʣʣʽ .2cos22 j=r a  

16. ɿʥʘʡʪʠ ʩʪʘʪʠʯʥʠʡ ʤʦʤʝʥʪ ʚʽʜʥʦʩʥʦ ʦʩʽ ʆʭ ʦʜʥʦʨʽʜʥʦʾ )1( =g  ʜʫʛʠ ʢʘʨʜʽʦʾʜʠ 

.)cos1( j+=r a  

17. ɿʥʘʡʪʠ ʨʦʙʦʪʫ ʩʠʣʠ jyiyxF Ö+Ö-= 2)(  ʧʨʠ ʧʝʨʝʤʽʱʝʥʥʽ ʪʦʯʢʠ ʟ ʧʦʯʘʪʢʫ 

ʢʦʦʨʜʠʥʘʪ ʫ ʪʦʯʢʫ (1,ī3) ʧʦ ʧʘʨʘʙʦʣʽ .3 2xy -=  

18. ɿʥʘʡʪʠ ʨʦʙʦʪʫ ʩʠʣʠ },,{ yxzF -=  ʚʟʜʦʚʞ ʚʠʪʢʘ ʛʚʠʥʪʦʚʦʾ ʣʽʥʽʾ 

p20  ,  ,sin  ,cos ¢¢=== tctztbytax  ʚʽʜ ʪʦʯʢʠ ɸ(ʘ,0,0) ʜʦ ʪʦʯʢʠ ɺ(ʘ,0,2p). 
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ɺʘʨʽʘʥʪʠ ʽʥʜʠʚʽʜʫʘʣʴʥʦʛʦ ʟʘʚʜʘʥʥʷ 

 

 

1. ʇʦʜʘʪʠ ʧʦʜʚʽʡʥʠʡ ʽʥʪʝʛʨʘʣ ññ
D

dxdyyxf ),(  ʫ ʚʠʛʣʷʜʽ ʧʦʚʪʦʨʥʦʛʦ ʟ 

ʟʦʚʥʽʰʥʽʤ ʽʥʪʝʛʨʫʚʘʥʥʷʤ ʧʦ xʪʘ ʧʦ y, ʷʢʱʦ ʦʙʣʘʩʪʴ ʦʙʤʝʞʝʥʘ ʟʘʜʘʥʠʤʠ 

ʣʽʥʽʷʤʠ: 

1.1. .0  ,3  ,4: 2 ¢=-= xxyxyD  

1.2. .0625  ,2: 2 =--= yxyxD  

1.3. .0  ,  ,8: 2 ²=-= yxyyxD  

1.4. .ln  ,1  ,0  ,0: xyyxyD =¢²²  

1.5. .0  ,2: 2 =+-= yxyxD  

1.6. .  ,2: 22 xyxyD =-=  

1.7. .  ,2: 2 xyxyD =-=  

1.8. .  ,3  ,0  ,1: xyyxyD =¢²²  

1.9. .1  ,2  ,2: 22 ¢== xyxxyD  

1.10. .0  ,  ,9: 2 ²²-= xxyxyD  

1.11. .  ,2: 2 yxxyD =-=  

1.12. .0  ,  ,2: 22 ²=-= yyxyxD  

1.13. .lg  ,0122  ,0: xyyxyD ==-+²  

1.14. .  ,3  ,0  ,1: xyyxyD -=¢¢²  

1.15. .0  ,  ,2: 2 =²--= yxyxyD  

1.16 .0  ,  ,8: 2 ²=-= yyxxyD  

1.17. .  ,3: 2 xyxyD -=+=  

1.18. .0  ,3  ,4: 2 ²=-= xxyxyD  

1.19. .2  ,1  ,0  ,: 2 -=-=²= xxyxyD  

1.20. .0  ,  ,1: 22 ¢-=-= yxyyxD  
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1.21. .1  ,0  ,  ,4: 2 ¢²=--= yyxyyxD  

1.22. .  ,4  ,0  ,1: xyyxyD -==¢=  

1.23. .  ,3: 2 xyxyD -=-=  

1.24. .2  ,0  ,0  ,4: 2 -==²+= xxyxyD  

1.25. .1)3(  ,1  ,0  ,0: 22 =+-=== yxyxyD  

1.26. .0  ,  ,9: 2 ²=-= yxyyxD  

1.27. .0  ,  ,062: ²==-+ yxyyxD  

1.28. .log  ,1  ,0  ,1: 21 xyyxyD =-=²=  

1.29. .3  ,33  ,: ==+-= yyxxyD  

1.30. .0  ,0  ,1  ,4: 2 ²²=-= xyyyxD  

 

2. ʆʙʯʠʩʣʠʪʠ ʧʦʜʚʽʡʥʽ ʽʥʪʝʛʨʘʣʠ: 

 

2.1. ññ -===+
)(

23322 .,,1:  ,)1612(
D

xyxyxDdxdyyxyx  

2.2. ññ =-==+
)(

23322 .,,1:  ,)489(
D

xyxyxDdxdyyxyx  

2.3. ññ p===
)(

2 .2,2,0:  ,
2

cos
D

yxyxDdxdy
xy

y  

2.4. ññ =-==-
)(

333322 .,,1:  ,)9636(
D

xyxyxDdxdyyxyx  

2.5 ññ ===
)(

82 .4,2,0:  ,
D

xy

yxyxDdxdyey  

2.6. ññ ===
)(

.0,ln,2:  ,
D

y yxyxDdxdye  

2.7. ññ =-=+
)(

22 .0,2:  ,)21(
D

xyxDdxdyxy  

2.8. ññ p===
)(

2 .,,0:  ,
2

sin
D

yxyxDdxdy
xy

y  
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2.9. ññ -===+
)(

33322 .,,1:  ,)3218(
D

xyxyxDdxdyyxyx  

2.10. ññ ====
)(

3 .3ln,2ln,6,3:  ,6
D

xy

yyxxDdxdyye  

2.11. ññ p===
)(

2 .,2,0:  ,cos
D

yxyxDxydxdyy  

2.12. ññ ===
)(

42 .2,,0:  ,
D

xy

yxyxDdxdyey  

2.13. ññ ²-==++
)(

23 .0,1,1:  ,)3(
D

xxyyxDdxdyyx  

2.14. ññ =-==+
)(

3322 .,,1:  ,)89(
D

xyxyxDdxdyxyyx  

2.15. ññ -=-==+
)(

3322 .,,1:  ,)2418(
D

xyxyxDdxdyxyyx  

2.16. ññ
p

===
)(

2 .
3

4
,

3

2
,0:  ,

2
sin3

D

yxyxDdxdy
xy

y  

2.17. ññ
p
=p===

)(

.
2

,,2,1:  ,cos
D

yyxxDxydxdyy  

2.18. ññ -===+
)(

222 .,,1:  ,)43(
D

xyxyxDdxdyxyyx  

2.19. ññ =-==+
)(

233 .,,1:  ,)246(
D

xyxyxDdxdyyxxy  

2.20. ññ ²¢=+=++
)(

3 .0,1,2,1:  ,)(
D

xxyxyxDdxdyyx  

2.21. ññ ¢+==+++
)(

.0,5,05:  ,)5(
D

xxyyxDdxdyyx  

2.22. ññ ==+=
)(

.0,2,:  ,
D

yyxxyDxydxdy  

2.23. ññ ===
)(

2

2

.2,1,:  ,
D

yxyxyDdxdy
x

y
 

2.24. ññ =-==+
)(

3233 .,,1:  ,)1764(
D

xyxyxDdxdyyxxy  

2.25. ññ ¢²-=-
)(

23 .0,0,1:  ,)2(
D

yxxyDdxdyyx  
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2.26. ññ +-=-=+
)(

22 .1,1:  ,)(
D

xyxyDdxdyyx  

2.27. ññ ===
)(

82 .
2

,2,0:  ,
D

xy
x

yyxDdxdyey  

2.28. ññ p===
)(

2 .,,0:  ,cos
D

yxyxDxydxdyy  

2.29. ññ ====+
)(

3 .3,0,8,:  ,)(
D

xyyxyDdxdyyx  

2.30. ññ ==-
)(

3 .,:  ,)1(
D

xyxyDdxdyxy  

 

3. ɿʥʘʡʪʠ ʧʣʦʱʫ ʽ ʤʘʩʫ ʧʣʘʩʪʠʥʠ D, ʦʙʤʝʞʝʥʦʾ ʟʘʜʘʥʠʤʠ ʢʨʠʚʠʤʠ ʧʨʠ 

ʟʘʜʘʥʽʡ ʛʫʩʪʠʥʽ m. 

3.1. .7 );0( 4 ,0 ,1: 22 yxyxyyxD +=²=== m   

3.2. . );0,0( 0 ,0 ,4 ,1:
22

2222

yx

yx
yxyxyxyxD

+

+
=²²===+=+ m  

3.3. .5
2

7
 );0( 4 ,0 ,1: 22 yxyxyyxD +=²=== m  

3.4. .
52

 );0,0( 0 ,0 ,16 ,9:
22

2222

yx

yx
yxyxyxyxD

+

+
=²²===+=+ m  

3.5. .2
8

7
 );0( 2 ,0 ,2: 22 yxyxyyxD +=²=== m  

3.6. . );0,0( 0 ,0 ,16 ,1:
22

2222

yx

yx
yxyxyxyxD

+

+
=²²===+=+ m  

3.7. .6
2

7
 );0( 

2
 ,0 ,2: 22 yxy

x
yyxD +=²=== m  

3.8. .
32

 );0,0( 0 ,0 ,25 ,4:
22

2222

yx

yx
yxyxyxyxD

+

-
=¢²===+=+ m  

3.9.  .3 );0( 4 ,0 ,1: 22 xyyxyyxD +=²=== m  

3.10. . );0,0( 0 ,0 ,9 ,1:
22

2222

yx

yx
yxyxyxyxD

+

-
=¢²===+=+ m  

3.11. .63 );0(  ,0 ,1: 22 yxyxyyxD +=²=== m  
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3.12. .
2

 );0,0( 0 ,0 ,25 ,9:
22

2222

yx

xy
yxyxyxyxD

+

-
=²¢===+=+ m  

3.13. .32 );0( 
2

 ,0 ,2: 22 yxy
x

yyxD +=²=== m  

3.14. .
32

 );0,0( 0 ,0 ,16 ,4:
22

2222

yx

xy
yxyxyxyxD

+

-
=²¢===+=+ m  

3.15. .37 );0( 8 ,0 ,
2

1
: 22 yxyxyyxD +=²=== m  

3.16. .
52

 );0,0( 0 ,0 ,16 ,9:
22

2222

yx

xy
yxyxyxyxD

+

-
=²¢===+=+ m  

3.17. .27 );0( 4 ,0 ,1: 22 yxyxyyxD +=²=== m  

3.18. .
3

 );0,0( 0 ,0 ,16 ,1:
22

2222

yx

yx
yxyxyxyxD

+

+
=²²===+=+ m  

3.19. .
24

7
 );0( 2 ,0 ,2: 22 y

xyxyyxD +=²=== m  

3.20. .
2

 );0,0( 0 ,0 ,4 ,1:
22

2222

yx

yx
yxyxyxyxD

+

+
=²²===+=+ m  

3.21. .
4

7
 );0( 2 ,0 ,2: 22 yxyxyyxD +=²=== m  

3.22. .
2

 );0,0( 0 ,0 ,9 ,1:
22

2222

yx

yx
yxyxyxyxD

+

-
=¢²===+=+ m  

3.23. .8
2

7
 );0( 

2
 ,0 ,2: 22 yxy

x
yyxD +=²=== m  

3.24. .
4

 );0,0( 0 ,0 ,25 ,1:
22

2222

yx

yx
yxyxyxyxD

+

-
=¢²===+=+ m  

3.25. .36 );0( 4 ,0 ,1: 22 yxyxyyxD +=²=== m  

3.26. .
3

 );0,0( 0 ,0 ,16 ,4:
22

2222

yx

yx
yxyxyxyxD

+

-
=¢²===+=+ m  

3.27. .64 );0( 
2

 ,0 ,2: 22 yxy
x

yyxD +=²=== m  

3.28. .
4

 );0,0( 0 ,0 ,9 ,4:
22

2222

yx

xy
yxyxyxyxD

+

-
=²¢===+=+ m  
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3.29. .94 );0( 2 ,0 ,
2

1
: 22 yxyxyyxD +=²=== m  

3.30. .4 ;4: 22 yyyxD -==+ m  

 

 

4. ɿʘ ʜʦʧʦʤʦʛʦʶ ʧʦʜʚʽʡʥʦʛʦ ʽʥʪʝʛʨʘʣʘ ʦʙʯʠʩʣʠʪʠ ʚ ʧʦʣʷʨʥʠʭ ʢʦʦʨʜʠʥʘʪʘʭ   

ʧʣʦʱʫ ʬʽʛʫʨʠ, ʦʙʤʝʞʝʥʦʾ ʟʘʜʘʥʠʤʠ ʣʽʥʽʷʤʠ: 

4.1. ).4()( 222222 yxayx +=+  

4.2. .)( 222322 yxayx =+  

4.3. ).34()( 2222322 yxxayx +=+  

4.4. ).23()( 222222 yxayx +=+  

4.5.  .)( 32244 yxyx +=-  

4.6. j=r 2sin2a . 

4.7. j=r 2sin2a . 

4.8. )cos1( j-=r a . 

4.9. ).32()( 222222 yxayx +=+  

4.10. ).35()( 222222 yxayx +=+  

4.11. ).57()( 222222 yxayx +=+  

4.12. .2)( 2222 xyayx =+  

4.13. .4)( 22322 yxyx =+  

4.14. .)( 24322 yayx =+  

4.15. .)( 24322 xayx =+  

4.16. j=r 2cosa . 

4.17. )sin1( 222 j+=r a . 

4.18. .)( 44322 xayx =+  

4.19. ).43(4)( 22222 yxyx +=+  

4.20. .16)( 22322 yxyx =+  
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4.21. ).()( 442222 yxayx +=+  

4.22. .2)( 3322 ayyx =+  

4.23. ).(4)( 222322 yxxyayx -=+  

4.24. j=r 2sina . 

4.25. j=r 5cosa . 

4.26. )cos1(4 j+=r . 

4.27. )cos1(2 j+=r a . 

4.28. j=r 3cos22 a . 

4.29. j=r 2cos22 a . 

4.30. j=r 3sina . 

 

5. ʈʦʟʩʪʘʚʠʪʠ ʤʝʞʽ ʽʥʪʝʛʨʫʚʘʥʥʷ ʚ ʧʦʪʨʽʡʥʦʤʫ ʽʥʪʝʛʨʘʣʽ ñññ
G

dxdydzzyxf ),,( , 

ʷʢʱʦ ʦʙʣʘʩʪʴ G  ʦʙʤʝʞʝʥʘ ʚʢʘʟʘʥʠʤʠ ʧʦʚʝʨʭʥʷʤʠ. ɿʨʦʙʠʪʠ ʨʠʩʫʥʦʢ. 

5.1. ).(2 ,0 ,0 ,3 ,1: 22 yxzzyxyxG +=²²==  

5.2. .0 ,3 ,4 ,1: ²=== zyzxyxG  

5.3. .3 ,0 ,0 , ,3: 22 yxzzyxyxG +=²²==  

5.4. .0 ,3 ,3 ,3 ,0: ²===² zzxyxyxG  

5.5. .2 ,0 ,5 , ,0: 22 yxzzyxyxG +=²===  

5.6. .0 ,4 ,3 ,4 ,2: ²==== zzxyxyxG  

5.7. .5 ,0 ,0 ,
5

 ,5: 22 yxzzy
x

yxG +=²²==  

5.8. .0 ,2 ,4 ,2: ²=== zzyxyxG  

5.9. .3 ,0 ,1 ,2 ,0: =++²==² zyxzyxyxG  

5.10. .0 ,2 ,2 ,2: ²=== zxzxyyG  

5.11. .
2

 ,0 ,0 ,
3

 ,3:
22 yx

zzy
x

yxG
+

=²²==  
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5.12. .4 ,0 ,
4

 ,4: 2yzz
x

yxG =²==  

5.13. ).(2 ,0 ,3 ,3 ,0: 22 yxzzyxyxG +=²==²  

5.14. .4 ,0 ,0 ,2 ,3: yzzyxyxG =²²==  

5.15. .3 ,0 ,8 ,4 ,0: 22 yxzzyxyxG +=²==²  

5.16. . ,0 ,10 ,5 ,0: 22 yxzzyxyxG +=²==²  

5.17. ).(3 ,0 ,2 , ,: 22 yxzzyxyxyG +=²==-=  

5.18. .2 ,0 ,3 ,2 ,1: 22 yxzzxyxyxG +=²===  

5.19. .4 ,0 ,1 ,2 ,: 22 yxzzyxyxyG +=²=-==  

5.20. .23 ,1 ,0 ,0 ,0: 22 yxzyxzyxG +==+²²²  

5.21. . ,623 ,0 ,0 ,0: 22 yxzyxzyxG +==+²²²  

5.22. .4 ,2 ,0 ,0 ,0: 22 yxzyxzyxG --==+²²²  

5.23. .9 ,3 ,0 ,0 ,0: 22 yxzyxzyxG --==+²²²  

5.24. .6 ,1243 ,0 ,0 ,0: 22 yxzyxzyxG --==+²²²  

5.25. .18 ,3, ,0 ,0: 22 yxzyxyzxG --===²²  

5.26. ).(4 ,0 ,0 ,3 ,2: 22 yxzzyxyxG +=²²==  

5.27. .10 ,4,2 ,0 ,0: 22 yxzyxyzxG --===²²  

5.28. .3 ,632 ,0 ,0 ,0: 22 yxzyxzyxG ++==+²²²  

5.29. .16 ,4 ,0 ,0 ,0: 22 yxzyxzyxG --==+²²²  

5.30. . ,55 ,0 ,0 ,0: 22 yxzyxzyxG +==+²²²  

 

6. ʆʙʯʠʩʣʠʪʠ ʧʦʪʨʽʡʥʽ ʽʥʪʝʛʨʘʣʠ: 

6.1.ñññ =====
V

zxyzxyxyVxdxdy .0 , ,1 ,0 ,10:  ,  

6.2. ñññ ====++

ö
÷

õ
æ
ç

å
+++

V

zxy
zyx

V
zyx

dxdydz
.0 ,0 ,0 ,1

833
:  ,

833
1

4
 

6.3. ñññ ===+==++
V

zxyyxzyxVdxdydzzy .0 ,0 ,0 , ,1:  ,)(15 22  
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6.4. ñññ ===+==+
V

zxyyxzxyVdxdydzyx .0 ,1 ,0 ),(5 ,:  ,)43( 22  

6.5. ñññ =====+
V

zxyxyzxyVdxdydzx .0 ,1 ,0 , ,9:  ,)21( 3  

6.6. ñññ =====+
V

zxyxyzxyVdxdydzy .0 ,1 ,0 , ,:  ,)5427( 3  

6.7. ñññ =====
V

zxyxyzxyVydxdydz .0 ,1 ,0 , ,15:  ,  

6.8. ñññ ====++

ö
÷

õ
æ
ç

å
+++

V

zxy
zyx

V
zyx

dxdydz
.0 ,0 ,0 ,1

3816
:  ,

3816
1

5
 

6.9. ñññ =====++
V

zxyyzyxVdxdydzxy .0 ,0 ,0 ,10 ,1:  ,)3( 22  

6.10. ñññ ===+==+
V

zxyyxzxyVdxdydzzx .0 ,1 ,0 ,3 ,:  ,)3015( 22  

6.11. ñññ =====+
V

zxyxyzxyVdxdydzx .0 ,1 ,0 , ,9:  ,)84( 3  

6.12. ñññ =====+
V

zxyxyzxyVdxdydzx .0 ,1 ,0 , ,36:  ,)21( 3  

6.13. ñññ =====
V

zxyzxyxyVxzdxdz .0 , ,2 ,0 ,:  ,21  

6.14. ñññ ====++

ö
÷

õ
æ
ç

å
+++

V

zxy
zyx

V
zyx

dxdydz
.0 ,0 ,0 ,1

3810
:  ,

3810
1

6
 

6.15. ñññ =====++
V

zxyxzyxVdxdydzyx .0 ,0 ,0 ,10 ,1:  ,)3( 22  

6.16. ñññ ===+==+
V

zxyyxzxyVdxdydzzy .0 ,1 ,0 , ,:  ,)9060( 22  

6.17. ñññ =====+
V

zxyxyzxyVdxdydzx .0 ,1 ,0 , ,9:  ,)
3

5

3

10
(  

6.18. ñññ =====+
V

zxyxyzxyVdxdydzz .0 ,1 ,0 , ,4:  ,)189(  

6.19. ñññ =====
V

zxyzxyxyVdxdydzy .0 , ,2 ,0 ,2:  ,3 2  
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6.20. ñññ ====++

ö
÷

õ
æ
ç

å
+++

V

zxy
zyx

V
zyx

dxdydz
.0 ,0 ,0 ,1

642
:  ,

642
1

6
 

6.21. ñññ ====+==+
V

zxyxyyxzyxVdxdydzx .0 ,0 ,0 ,2),3(10 ,1:  ,2  

6.22. ñññ ===+==+
V

zxyyxzxyVdxdydzyz .0 ,1 ,0 ,23 ,:  ,)812( 22  

6.23. ñññ =====+
V

zxyxyzxyVdxdydzy .0 ,1 ,0 , ,:  ,)21(63  

6.24. ñññ ===+==+
V

zxyyxzxyVdxdydzyx .0 ,1 ,0 ,6030 ,:  ,)( 22  

6.25. ñññ ====++

ö
÷

õ
æ
ç

å
+++

V

zxy
zyx

V
zyx

dxdydz
.0 ,0 ,0 ,1

1646
:  ,

1646
1

6
 

6.26. ñññ =====
V

zxyzxyxyVxyzdxdydz .0 , ,2 ,0 ,:  ,  

6.27. ñññ ===+==+
V

zxyyxzyxVdxdydzy .0 ,0 ,0 ),3(10 ,1:  ,2  

6.28. ñññ ===+==+
V

zxyyxzxyVdxdydz
z

x .0 ,1 ,0 ,15 ,:  ,)
2

3
5( 22

 

6.29. ñññ ===+==++
V

zxyyxzyxVdxdydzyx .0 ,0 ,0 ),2(20 ,1:  ,)4( 22  

2.30. ñññ ²+=--=
V

xyxzyxzVxdxdydz .0 , ,18:  , 2222
 

 

7. ɿʥʘʡʪʠ ʦʙôʻʤ ʪʽʣʘ, ʦʙʤʝʞʝʥʦʛʦ ʧʦʚʝʨʭʥʷʤʠ: 

7.1. .
2

9
 ,9 2222 yxzyxz +=--=   

7.2. .3 ,0 ,2 ,4 yzzxyyx ====+  

7.3. .15 ,0 ,0 , ,222 xzzyxyyx =====+  

7.4. .3 ,0 ,32 ,37 =+=== yzzyxyx  

7.5. .
11

15
 ,0 ,0 ,2 ,822 xzzyxyyx =====+  

7.6. .81 ,144 2222 yxzyxz +=--=  
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7.7. .
2

3
 ,1 2222 yxzyxz +=--=  

7.8. .201 ,1)(10 22 yzyxz -=++=  

7.9. .
80

 ,9
22

22 yx
zyxz

+
=--=  

7.10. . ,
9

16 2222 yxzyxz +=--=  

7.11. .4948 ,1))1((24 22 +=+++= xzyxz  

7.12. .224 ),(122 22 +=+-= xzyxz  

7.13 .12 ,64 2222 yxzyxz +=--=  

7.14. .
2

15 ,
2

17 22
22 yx

zyxz
+

=--=  

7.15. .4 ,4 222 xyxxz =+-=  

7.16. .0 ,4 , 2222 ²=++= zyxyxz  

7.17. .168 ,162 ,2 ,53 22223 yxzyxzxyx +-=+-=-=-=  

7.18. .12 ,22 ,1 ,21 22222 +++=-++=-=-= yyxzyyxzyxy  

7.19. .321 ,325 ,7 ,43 22222 yxzyxzyxx +-=+-==+=  

7.20. .2125 ,3125 ,28 ,7 222222 --=+-=+-=-= yxzyxzxyxy  

7.21. .53 ,13 ,3 ,52 22222 -+=++=-=-= yxzyxzxyx  

7.22. .42 ,2 ,5 ,16 22222 +-+=-+==-= yxxzyxxzyxy  

7.23. .159 ,459 ,74 ,25 222222 -+=++=+-=-= yxzyxzxyxy  

7.24. .324 ,321 ,5 ,27 22222 yxzyxzyxy +-=+-==-=  

7.25. .41 ,42 ,3 ,52 22222 yxzyxzyxy ++-=++=-=-=  

7.26. .116 ,216 ,2 ,43 222222 ---=+--=-=-= yxzyxzyxyx  

7.27. .494 ,491 ,5 ,32 22222 yxzyxzxyx ++=++==+=  

7.28. .5 ,1 ,2 ,86 22222 ---=---==+-= yxxzyxxzyxy  

7.29. .971 ,974 ,54 ,32 222222 yxzyxzyxyx --=--=+-=+-=  
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7.30. .651 ,653 ,67 ,32 222222 yxzyxzxyxy --=---=+-=-=  

 

8. ɿʥʘʡʪʠ ʢʦʦʨʜʠʥʘʪʠ ʮʝʥʪʨʘ ʤʘʩʠ ʦʜʥʦʨʽʜʥʦʛʦ ʪʽʣʘ V, ʦʙʤʝʞʝʥʦʛʦ 

ʧʦʚʝʨʭʥʷʤʠ: 

8.1. .0 ,3 ),(6: 2222 ==++= xzyyzxV  

8.2. .0 ,36 ,3: 2222 ==++= yzxzxyV  

8.3. .28  ),(7: 22 =+= xyzxV  

8.4. .8 ,2: 22 =+= zyxzV  

8.5. .0 ,2 ),(5: 2222 ==++= zxyyxzV  

8.6. .0 ,9 ,6: 2222 ==++= xzyzyxV  

8.7. .32 ),(8: 22 =+= zyxzV  

8.8. .9  ,3: 22 =+= yzxyV  

8.9. .0 ,4 ,9: 2222 ==++= yxzzxyV  

8.10. .8  ,6: 22 =+= yzxyV  

8.11. .
2

1
  ,8: 22 =+= xzyxV  

8.12. .0 ,4 ,2: 2222 ==++= xzyzyxV  

8.13. .0 ,16 ,4: 2222 ==++= yzxzxyV  

8.14. .0 ,4 ,3: 2222 ==++= zyxyxzV  

8.15. .2  ,8: 22 =+= xzyxV  

8.16. .36  ,9: 22 =+= zyxzV  

8.17. .0 ,9 ),(3: 2222 ==++= zxyyxzV  

8.18. .0 ,4 ,2: 2222 ==++= xzyzyxV  

8.19. .9  ,4: 22 =+= yzxyV  

8.20. .20  ,5: 22 =+= xzyxV  

8.21. .0 ,10 ,: 2222 ==++= yxzzxyV  
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8.22. .0 ,16 ,3: 2222 ==++= yzxzxyV  

8.23. .9  ,3: 22 =+= xzyxV  

8.24. .4  ,: 22 =+= yzxyV  

8.25. .0 ,9 ,: 2222 ==++= xzyzyxV  

8.26. .3,0,0,0: =++=== zyxzyxV  

8.27. .0 ,9 ,2: 2222 ==++= zyxyxzV  

8.28. .4 ,: 22 =+= zyxzV  

8.29. .3 ,2: 22 =+= zyxzV  

8.30. .0 ,4 ,: 2222 ==++= zxyyxzV  

 

9. ɿʥʘʡʪʠ ʤʦʤʝʥʪʠ ʽʥʝʨʮʽʾ ʚʽʜʥʦʩʥʦ ʚʢʘʟʘʥʦʾ ʦʩʽ ʢʦʦʨʜʠʥʘʪ ʦʜʥʦʨʽʜʥʦʛʦ ʪʽʣʘ 

V, ʦʙʤʝʞʝʥʦʛʦ ʜʘʥʠʤʠ ʧʦʚʝʨʭʥʷʤʠ. ɻʫʩʪʠʥʫ ʚʚʘʞʘʪʠ ʨʽʚʥʦʶ ʦʜʠʥʠʮʽ. 

9.1. .  ,4  ,: 222 OyyzxyV =+=  

9.2. .  ,2  ,2: 22 OyyzxyV =+=  

9.3. .  ,2  ,: 22 OxxzyxV =+=  

9.4. .  ,1  ,: 222 OxxzyxV =+=  

9.5. .  ,2  ,: 222 OyyzxyV =+=  

9.6. .  ,2  ,2: 22 OzzyxzV =+=  

9.7. .  ,2  ,: 22 OxxzyxV =+=  

9.8. .  ,0 ,4  ,: 22222 OxxzyzyxV ==++=  

9.9. .  ,2  ,: 222 OxxzyxV =+=  

9.10. .  ,0  ,4  ,2: 2222 OzzyxyxzV ==++=  

9.11. .  ,2  ,: 22 OyyzxyV =+=  

9.12. .  ,2  ),(2: 22 OzzyxzV =+=  

9.13.  

9.14.  


